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Physics in 1947 


Philip Morrison 
Cornell University, Ithaca, New York 
(Received February 24, 1948) 


ABORATORIES in 1947 had settled down. 
There were still problems, serious ones both 
for physicists and for Everyman, but no one was 
looking for rapid solutions. The shuffling of men 
to new jobs, the hard decisions, and the hasty 
changes, were no longer commonplace. The plans 
were beginning to take shape. The great machines 
were turning from budget items and drawings 
into rolled plates and banks of condensers, still 
unwired. But even without them, progress was 
in the air. The year brought great results, and 
seemed to bring physics to the threshold of a real 
change. It was a year like, perhaps, 1924 or 1931, 
though not yet like the years of harvest which 
followed, when the wave mechanics and the 
nuclear particles were made part of the science. It 
was a year of excitement and discovery. And 1948 
lies ahead ! 

Not the least satisfying part of the year’s work 
was the re-establishment, in part, of the inter- 
national community of science. Many Americans 
went abroad, and there were no small numbers of 
visitors here. Best of all, many physicists abroad, 
especially the British and the workers at Rome, 
produced results which demanded world-wide 
attention. Once again you hurried to the library 
to see the latest copy of Nature. It was almost 
like old times, though there was still a long way 
to go. 

This account will try to survey the year in 
physics. It will be clear that physics is too diverse 


to be caught in a net of so coarse a weave; per- 
haps it would be fairer to say that the survey will 
be of advances in some of the more unsettled 
branches of physics, in the work in nuclei and the 
fundamental particles, in cryogeny and radio- 
activity, and cosmic rays. There is much that is 
good and exciting that must be left out ; but there 
is plenty to record. 


THE UNFUNDAMENTAL PARTICLES 


The classical elements were earth, air, fire, and 
water. The rise of modern science brought a more 
sophisticated but less satisfying tale, and the 
ninety-six elements we now count exhaust our list 
of atomic species. But since Prout there has been 
a disposition to unify matter by regarding the 
elements as not fundamental, except for the 
chemists, and to find the blocks from which they 
were built. The neutron and the proton seem ade- 
quate to form nuclei; the electron and its twin, 
the positron, enable us to make all matter; the 
neutrino satisfies the conservation laws for energy 
and momentum in that curious phenomenon, 
beta-decay ; and the photon, the quantum of the 
electromagnetic field, serves to describe the phe- 
nomena of Maxwell’s equation in the era of 
quantum-mechanics. The atoms and their aggre- 
gates, molecules and crystals, are held together 
by wholly electrical forces associated with the 
photons, by now familiar. This is not too long a 
list, though not as simple as the ancients wished. 
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Since 1936, when Professor Yukawa of Kyoto 
first suggested that a heavy quantum would be 
adequate to form a field capable of holding 
together the nuclear particles, the meson has been 
on the list. When, in the years after Yukawa’s 
suggestion, the penetrating component of the 
cosmic ray was shown indeed to be a particle of 
mass about 200 times the electron mass, occurring 
both with positive and negative charge, the 
meson was identified. But a complete description 
such as we have for electrical forces has not been 
given to us for the “mesonic’’ forces. These 
which the neutral or electrically- 
charged mesons play the role of photons, and the 
nuclear particles the role of sources of these heavy 
quanta, are still not known in detail, much less 
understood. We are in the stage before the in- 
verse-square law; about all we know is a some- 
what more quantitative analog to ‘‘unlikes at- 
tract; likes repel.’’ In this state theory has tried 
to make generalizations. In more than one of 
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these, the list of fundamental particles has been 
increased by hypothesizing a neutral meson, like 
the charged ones we see, and even a whole trinity 
of positive, negative, and neutral, but of a differ- 
ent mass. In 1947 at least three and perhaps as 
many as five new ‘“‘mesons” have been added tu 
the tally not as speculation, but by unimpeach- 
able observations of nature. The word ‘“funda- 
mental,” always implying a tacit qualification, is 
now pretty dilute; ‘‘unfundamental’’ would be 
about as happy. It is far too soon to say, but it is 
likely that the next years will see the number of 
“fundamental” particles multiply, until, one may 
hope, a new and unifying concept will again make 
it possible to use the word proudly. 

It is the biggest story of the year, perhaps, the 
story of how the new mesons were found. It was 
not with the great machines, but with that inex- 
haustible source of surprises, the cosmic ray. 

At sea level most of the ionizing particles of 
cosmic rays are mesons, about six-tenths of them 
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Fic. 1. A diagram of the Rome apparatus, supplied by Dr. Piccioni. A meson 
enters from the top, crossing one of the,counters I. The iron plates are mag- 
netized in such a direction that positive charges would be concentrated some- 


what at counters II, while negative ones would 


be dispersed. This is indicated in 


the diagram. Such particles will traverse counters II. If they then decay in the 
large block of absorber, after a delay of some microseconds, which can be varied 
by the experimenter, and emit an electron to count in counters III, the proper 
event has been recorded. If any of counters IV record, it is then clear. either that 


the ray did not enter the apparatus alone, or that it produced secondaries on its 
way through. Both of these must be rejected; mesons do not produce secon- 


daries in this path length, except by decay. The lead at the sides shields the 
counters against sidewise—moving rays, and the thin lead sheet below stops the 
decay electron before it can actuate the counter set below. A count is then taken 
of the rays which count in I, in II, and in III a few microseconds later, but not in 
IV. The number of such counts is compared for reversal of magnetic field, and 
for different absorber materials. The results are described in the text. This is a 
typical cosmic-ray counter experiment, susceptible of many variations. 
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positive, the rest negative in charge. These pene- 
trate matter well, because they are heavy com- 
pared to electrons, and lose momentum less 
easily in the glancing collisions with the electrons 
of the atoms they pass. But they interacted 
strongly with nuclei, it was held, not by electrical 
forces alone, but by the specific mesonic force, the 
same which held the nucleus together. To be sure, 
a few experiments had been done to see how large 
was the interaction of these mesons with nuclei. 
It did not appear large, but the effect was 
superimposed on the electrical scattering, and 
one might doubt the experiment. The penetration 
of these rays to great depths also seemed difficult 
to understand. Why did they not get stopped 
more quickly by nuclei? There has always been a 
difficulty here for the experts. 

Consider a meson coming into a slab of iron. It 
will lose energy rapidly, frittering it away mainly 
by ionization, and if it is not too energetic to 
begin with, it will come to rest in the iron slab. 
What then? We do not find mesons lying on the 
laboratory floor. There was a double answer to 
this. For negative mesons, it was pointed out 
vears ago that they would come to rest, be caught 
in a stable orbit deep inside an atom, held there 
by the attraction of the positive nucleus, until 
their strong specific interaction with nuclear 
matter would cause their absorption and a 
nuclear transformation of some kind, perhaps a 
so-called ‘‘star’’ disintegration, in which several 
nuclear fragments fly out of the nucleus, their 
cloud-chamber tracks making the rays of a rough 
many-pointed star. The positive mesons which 
stopped in matter would have a different fate. 
They are repelled by nuclei and, once at rest, 
could not be appreciably absorbed by the nucleus 
at a large distance—a few angstroms—since the 
nuclear forces are so very short-ranged. But 
neither would they last forever. For it was known 
that mesons fly apart in flight; more conven- 
tionally, that they undergo spontaneous disinte- 
gration in free space, with a probability pro- 
portional only to the time. In short, these mesons 
are radioactive; they beta-decay, releasing elec- 
tron or positron, depending on the original sign of 
charge. For this there were cloud-chamber tracks 
in proof, showing a meson coming to rest and an 
electron starting from the point where the spent 
meson had died. In direct cosmic-ray work, too, 
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Fic. 2. Two adjacent frames of Valley’s photographs. 
The top frame shows a positive meson on its way to decay 
in the carbon block below the cloud chamber. The second 
frame shows a negative meson. These films were exposed 
after the meson had decayed, when the cloud chamber was 
expanded and the track of the decaying meson caught. The 
delay time was simultaneously measured. The highly curved 
negative track at the top of the upper picture is the result 
of a particle which entered the cloud chamber after the 
expansion. Its droplets have not diffused, and the track 
is very sharp. 


there had been a set of measurements showing 
that the meson ‘‘beam”’ was attenuated more by 
a kilometer of air than by its equivalent weight of 
water or lead. The time taken to travel the dis- 
tance in space “‘absorbed”’ mesons. Even the life- 
time was known, about two microseconds. 

The year began with a surprise. It was the re- 
port from Rome of work done there, begun during 
the German occupation, and carried out under 
conditions which would have caused any but the 
most enthusiastic to falter. Two young physicists 
of the Rome group, Conversi and Piccioni, had 
studied the decay of mesons stopped in their ap- 
paratus. The arrangement is shown and the 
details of the experiment described in Fig. 1 and 
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its caption.' They found that indeed the positive 
mesons decayed in iron, while the negative ones 
did not and were presumably captured before 
they had a chance to decay. But in carbon, nearly 
all the mesons decayed ; few could be captured by 
nuclei. The mesons do not interact strongly with 
nuclei. 

This work has been confirmed in detail during 
the year. Figure 2 shows photographs taken by 
the M.1.T. group, Valley and Rossi, who have 
made a beautiful and direct check? of the pioneer 
work of the Rome experimenters. In this experi- 
ment, mesons of both signs are allowed to enter 
the apparatus (see Fig. 3). But when after a de- 
cent wait of a few microseconds a delayed decay 
of a stopped meson has been recorded, a cloud- 
chamber expansion is initiated. In this way the 
track of the meson which had decayed is made 
visible, and the magnetic field across the chamber 
allows unambiguous determination of the sign of 
the particle. Valley proved that in steel and brass, 
positive mesons decay, while the negatives are 
captured. In carbon, beryllium, and water, cap- 
ture is so improbable a process that even the 
negatives live out their natural lives and decay. 
The influence of the capture probability on the 
apparent lifetime is not by any means negligible, 
and shows up as an effective reduction of the life- 
time of negative mesons. In a material like alumi- 
num or magnesium, the chance that a negative 
meson will decay on its own is quite comparable 
to the chance that it will be swallowed up by a 
nucleus. 

The theorists—and the builders of machines— 
were worried. Mesons had been found as Yukawa 
had guessed. But they did not interact with 
nuclei. Did that mean that they had nothing to 
do with nuclear forces? Mesons were somehow 
produced from the nuclei of the upper air; they 
were too short-lived to be primary cosmic-ray 
particles. If they could be produced in a single 
step, they must be directly absorbable. There was 
one untested link in the argument. The theorists 
had to strengthen it.? It was the tacit assumption 
that the atomic process which slowed mesons 





! Conversi, Pancini, and Piccioni, Phys. Rev. 71, 209 
(1947). 

2G. E. Valley, Phys. Rev. 72, 772 (1947); G. E. Valley 
and B. Rossi, Phys. Rev. 73, 177 (1948). 
3 E. Fermi and E, Teller, Phys. Rev. 72, 399 (1947). 
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down and then brought the negative ones into a 








deep-lying “‘orbit,”’ far within the atomic electron 
shell, where they frequently collided directly 
with the nucleus, was a fast process. Perhaps the 
delay was only here, and the mesons were cap- 
turable, but never got close enough before they 
died of beta-decay. This argument was put 
forward by some of the cagiest physicists, but 
was disposed of by detailed calculation. It turns 
out that the meson is slowed down from high 
speed to a velocity where its capture into an 
atomic orbit is possible in about 10~-* second at 
most, and that its further loss of energy to fall 
into its AK-shell orbit—only about 10-" cm in 
radius—is very rapid. In an additional time of 
less than 10-" second after it has been captured 
into any atomic orbit, the meson has lost mo- 
mentum enough to the electron cloud which 
whirls by it so that it falls to the innermost orbit. 
Then the nucleus can capture it, if that process is 
allowed. The fact that nuclei capture the mesons 
so slowly must then be ascribed to a relatively 
weak interaction, perhaps 10° times weaker than 
that predicted quite generally by theories which 
used these mesons to explain the nuclear forces. 
Here was a real crisis. Moreover, if mesons were 
not captured easily, neither could they be pro- 
duced easily. The great machines might make no 
mesons. 

And yet they were made, nevertheless. High in 
the air the primary cosmic ray made mesons 
freely. The contradiction was resolved by some 
sensible speculation, and really explained by 
simultaneous beautiful experiment. The idea 
which lay behind the explanation was this: how- 
ever reluctantly, we had to postulate another 
kind of meson. The new meson could be made 
easily from nuclei; it would be captured rapidly. 
But the meson we see at sea level is not the meson 
which interacts to produce the forces between 
neutron and proton. It is the decay product of the 
new meson, spontaneously produced by a special 
process from the postulated new particle. At the 
price of unsupported speculation about new 
particles, sense could be made from the paradox 
between easy manufacture of mesons in the upper 
air, difficult capture of mesons here in the appa- 
ratus of Piccioni and Valley, and the others. This 
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tentative suggestion formed the basis for what 
has been called the two-meson hypothesis.‘ 

Almost before these notions had been formed, 
their most daring assumptions turned into rather 
evident facts. The cosmic-ray group at the Uni- 
versity of Bristol, led by Powell, had found a 
brand-new meson, or maybe two of them.® These 
new particles gave plenty of leeway for ration- 
alizing the difficulties found so far. The Bristol 
experiments are simple, powerful, and elegant. 
They use no complicated series of coincidence 
circuits, no microsecond timing circuits, no mag- 
nets. They employ a photographic plate, a 
microscope, and plenty of insight, patience, and 
skill, always the best of apparatus. 

*R. E. Marshak and H. A. Bethe, Phys. Rev. 72, 506 
(1947). A similar idea is reported in Japanese journals by 
Sakata and others in 1943, 


5 Lattes, Powell, and Occhialini, Nature 160, 453, 486 
(1947). 
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Fic. 3. The equipment of Valley 
and Rossi at M.I.T. Professor 
Valley’s photograph shows the large 
magnet used to curve the tracks of 
mesons in the cloud chamber in the 
left foreground. Behind the magnet 
is the black box holding the camera. 
A small horizontal shelf holds a 
microsecond time meter which faces 
downward. The camera photographs 
the track and the time elapsing be- 
fore the meson which made the track 
decayed in the absorber below the 
cloud chamber. The relay racks at 
the right hold the electronic equip- 
ment for cloud-chamber, counter- 
coincidence, and time-delay meas- 
urement. 


Microscopic examination of an unexposed but 
developed photographic plate always shows a 
more or less random distribution of blackened 
grains. A grain of photographic emulsion can be 
made developable by the production within it of 
a number of excited or ionized atoms. Thus if a 
fast-charged particle traverses the plate, its track 
will be marked exactly as in a cloud chamber by a 
visible trail of developed grains when the plate is 
treated to develop the latent image. These tracks 
are easily identified, as Figs. 4 and 5 show, by 
their characteristic appearance. The number of 
ions required to render a grain developable will 
depend upon the properties of the emulsion used. 
A single gamma-ray or fast electron makes so few 
ions in crossing a single grain that as yet no plate 
will show such a track. The blackening of film by 
gamma-rays requires an intensity so great that 
several secondary electrons cross a single grain of 
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Fic. 4. One of the microphotographs of the plates of the 
Bristol group. The picture reproduced is a mosaic of some 
thirty-odd different microphotographs, the microscope 
being refocused and moved for each exposure because of the 
small field and depth of focus compared to the track length. 
This whole event occupies less than a twentieth of a 
millimeter in the original emulsion. The long curved track, 
which shows an increasing density of grains as it becomes 
slower and piles up considerable curvature as a result of 
multiple scattering encounters, is a slow meson, of Powell's 
new type, ending in the emulsion. This meson is absorbed 
by a nucleus, which disintegrates, emitting three visible 
heavy particles, in a cosmic-ray star process. 


the sensitive material. But the heavily ionizing 
tracks of protons will show up clearly in almost 
any properly made film. This effect has been used 
for years by many men, especially by the workers 
of the Bristol group. 

. In the last years the Bristol group, cooperating 
with the great English photographic manu- 
facturers, Ilford, have produced plates of great 
sensitivity. Here the ionization density required 
to produce a track has been cut sharply, not in- 
deed enough to make electrons visible, but far 
enough to make visible the tracks of slow mesons, 
which ionize much more weakly than the protons 
commonly observed. These plates were carefully 
calibrated, so that the Bristol workers knew the 
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grain spacing and the range characteristic of par- 
ticles of all energies of interest.® 

The photographic plate is the equivalent of a 
frozen cloud chamber. It has the advantage of 
that unique instrument of showing the actual 
path of particles and the course of events, not of 
simply recording clicks in one of many complex 
channels for electronic pulse signals. Interpreta- 
tion is direct. But the plate is not gaseous; it is 
solid. It compresses the cloud chamber a 1000- 
fold, and increases by that factor the chance of an 
interesting particle stopping in the chamber. 
Even more, it is sensitive for months, not just for 
the 0.1 second of a cloud-chamber expansion, 
which cannot be repeated except on a rather slow 
cycle. One pays for this, of course. The photo- 
graphic plate must be examined over its whole 
surface and throughout the 100-4 depth of its 
emulsion by a rather high power microscope, 
with its small field area and limited depth of 
focus. Patience is needed, and long days of 
peering. The Bristol group has developed a team 
of more than a dozen trained observers—the 
fame of Mrs. Powell as such an observer is by 
now international—who study the plates care- 
fully and who locate all events of interest, which 
are turned over to the physicists themselves for 
the careful measurements on which the quanti- 
tative results depend. The plates which have 
made history were sent to the high mountains of 
France and of Bolivia, placed quietly on a shelf 
there for a month or more, and then mailed back 
to Bristol. The examination which followed can 
be computed to be the equivalent of examining 
one billion photographs taken by random ex- 
pansion in an ordinary cloud chamber! It is no 
wonder that rare and valuable results were 
obtained. 

It would take too much space to describe the 
ingenious analysis which was made. Grain 
spacing, track tortuousness as a measure of scat- 
tering, track length measures, the statistical cor- 
rections needed for any such experiment, the 
identification of special kinds of ‘“Shammer”’ and 
“star” tracks as particular types of nuclear 
process, the corrections for fading of the image, 
and for the background tracks of radioactive 
substances—all these points speak for the inge- 


°C, Lattes et al., Nature 159, 93, 186, 694 (1947). 
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nuity of the Bristol team. The most important 
observation can be summarized briefly. Some few 
hundred tracks have been identified as mesons, 
by their large scattering and low grain density. 
Of these, a few chance to end in the emulsion. 
The grain density increases as they slow down. 
But at the end of some such tracks a new particle, 
also a meson, starts up again, to end in the 
emulsion itself a few hundred microns away. 
Comparison of grain density and range showed 
that the secondary meson had a mass lower than 
the primary which engendered it. Consideration 
of the momentum changes given by the directions 
of the tracks showed that all such events could be 
accounted for as the disintegration of the first 
meson into fwo mesons, one which made the 
revived track, and another of about the same 
mass, but leaving no track of ions, and hence 
presumably neutral. The care and the detail of 
these experiments leave little room for doubt. If 
we assume that the secondary meson is the non- 
capturable kind we know at sea level, then the 
mesons of Powell and his co-workers are about 
375 times as heavy as the electron. Here were 


plenty of particles for the theorists. 


Fic. 5. / 


Nor was this all. In high altitude cloud- 
chamber flights in large airplanes, meson decay 
was observed by C. D. Anderson—just twice.’ 
On both these pictures one can see a particle of 
intermediate mass, certainly a meson, but with 
mass not very well fixed under the experimental 
conditions in spite of a strong magnetic field, 
decay to emit a particle which is certainly a 
positron, with 25 or 30 Mev of energy. Only one 
particle is seen to come out. But both pictures 
show the same energy for the positron, which 
makes it seem likely that the disintegration is 
into two particles, one neutral. This is the old 
explanation given for such photos before. But 
never before has the energy of the secondary 
positron been well measured. It is only 30 Mev, 
as curvature measures show. If the meson which 
decays is the ordinary sea level variety, with a 
rest mass energy equivalent of 100 Mev (just 200 
times more massive than the electron), the other 
70 Mev go mainly into the rest mass of the 
neutral particle, now rightfully to be called a 
meson. It cannot be a gamma-ray or a massless 
neutrino, as we once thought. One more meson. 
Perhaps it is the same neutral meson which ac- 


\ very complicated and wonderful event found in the Bristol plates. Here a nuclear star process of uncertain 
- origin produces about a dozen charged particles. Two of these appear to be mesons. One track, certainly a meson, becomes 

curved and denser as it slows down, and ends by producing another star of four particles. Many more such events are 
observed in full detail by the workers at Bristol. Both of these photos were kindly supplied by R."A. Marshak, who had 
obtained them in Bristol from Powell, Lattes, and Occhialini. 


7 Anderson, Adams, Lloyd, and Rau, Phys. Rev. 72, 724 (1947). 
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companies the disintegration of the Bristol heavy 
mesons. Such an identification is unsure, but it 
does lead to a rather neat theory. 

Even this is not all. More cloud-chamber pic- 
tures, this time from Manchester,* and some 
mass measurements from Berkeley cosmic-ray 
workers,’ and a whole series of rather indirect 
experiments done in the Caucasus by Russian 
cosmic-ray workers,'® all point to more mesons, 
perhaps about a thousand times the electron 
mass, both charged and neutral. None of these 
pieces of evidence is conclusive; taken together 
they are at least disquieting. 

The study of nuclear forces, the best use of 
high energy machines, the superenergy cosmic- 
ray phenomena, especially the giant showers— 
these are the problems before the workers in 
mesons. 1947 brought the simplest and most 
unsatisfactory account of mesons to a close, and 
entered a new era of meson sophistication. There 
is wide opportunity for many approaches to a 
partial solution of many problems. It is sure that 
the meson exists; and now we have a whole 
family of these intermediate particles, of positive, 
negative, and zero charge. The final unraveling of 
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this complex and the description of nuclear forces 
with its aid is surely a task for a decade, even at 
the present rate. More mesons are not to be ex- 
cluded; the unfundamental character of our 
fundamental particles now cries for explanation. 
It is certain that the reviews of the years to come 
will continue to illuminate this new and exciting 
landscape. 


SPECTROSCOPY, OLD AND NEW 


For a long time, now nearly thirty-five years, 
the atomic spectra, and especially the spectrum 
of the simplest atom, hydrogen, have been the 
touchstones of physical understanding. The Bohr 
theory of the atom won its success from the 
Balmer series ; the Sommerfeld relativistic modi- 
fication, from the doublet structure; and the 
Dirac theory, from its complete agreement with 
the correct Sommerfeld doublet positions, and 
from the intensities which it correctly gave. From 
the side of theory, the system was the simplest we 
know ; from the side of experiment, the technique 
was enormously precise and refined. It was the 
place for the test of fundamental ideas. 

Not all was well. In 1937 (see Fig. 6) R. C. 


Fic. 6. This is a microphotometer 
tracing of a high resolution spectrograph 
of the strong red line of the hydrogen 
atom. (This is actually a photo of the Da 
line in deuterium, hydrogen of weight 
two.) The two strong peaks are the lines 
of the main transitions, and the small 
satellite on the right-hand line is the 
transition from the state 3*P, to the state 
22S,. According to the Dirac theory, the 
small peak should lie about 0.03 cm™ 
closer to its strong neighbor than it does 
in this tracing. The vertical lines on the 
tracing are spaced about one-fifth cm™. 
While the line is not well resolved, it 
seems clear that moving it that far to the 
right would merge it nearly completely 
with the righthand doublet line. The line 
shift so measured was given the correct 
interpretation in 1938. The tracing was 
kindly supplied by Professor R. C. 
Williams; it appears in The Physical 
Review 54, 561 (1938). In the same year 
S. Pasternack correctly evaluated the 
shift of the S level of hydrogen, which 
would explain this and other small spec- 
troscopic effects. It took ten years to 
come to believe this result. 





© Alichanian, Alichanov, and Weissenberg, J. Phys. U.S.S.R. 11, 97 (1947). 
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Williams, then at Cornell, made the best of a 








number of precision and high resolution spectro- 
scopic examinations of the fine structure of the 
prominent deep red line of the hydrogen atom— 
the well-known H, line—using both the normal 
and the heavy isotope. He used an interference 
method, employing the Fabry-Perot etalon and 
took great care to work with a discharge tube at 
low pressure and very low temperature. Results 
were good.'! The two main peaks shown in Fig. 6 
are separated by about one-fiftieth of the wave- 
length separation between the familiar doublet 
yellow lines of sodium. The small peak just to the 
left of the second major line is the most inter- 
esting line. It is mainly due to the transition be- 
tween the *P, state, third radial quantum level, 
and the *S; state, second radial level. Its close, 
strong neighbor is the corresponding transition 
between excited states, but *D3;2 to *P,;. The 
spacing between these lines is given by the Dirac 
theory, and is due essentially to relativistic 
effects. The separation of the main components 
can also be computed. Both of these values are 
off, not by much, but by what seems an amount 
beyond the error of the experiment. The small 
peak, for example, is too far from its strong 
neighbor by about its own width. Were the Dirac 
theory exact, the shape of the line would be much 
different; the little peak would be merely a 
smooth step, and not a distinct peak on the larger 
line. It was suggested at that time, nearly ten 
years ago, that the discrepancy was due to a 
shift upward by a small amount in the position of 
the S state involved.” Both the difficulties 
noticed here, and a number of other irregularities 
of fine-structure doublets, would have been re- 
solved by this assumption. But the Dirac theory 
was a good theory, and the discrepancy observed, 
while disturbing, was small enough to shrug off. 
Other experiments confirmed it only partially, 
and interfering lines from the molecule were 
blamed for the disagreement. The facts were 
clear, but they were somewhat uncomfortably 
minimized. This discrepancy is after all in the 
last decimal place of the old spectroscopy. In 
1947, a decade later, the hydrogen atom was ex- 
amined by the new spectroscopy. This is based on 
the absorption of quanta in the radiofrequency 


"R. C. Williams, Phys. Rev. 54, 561 (1938). 
" S. Pasternack, Phys. Rev. 54, 1113 (1938). 
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region, and often involves identifying atomic 
states by observing the atoms in motion in an 
atomic beam under the action of impressed fields. 
Two workers of the Columbia group, where under 

Professor I. I. Rabi this beautiful technique had 

flowered," have studied the hydrogen atom in an 

experiment of enormous ingenuity and precision. 

The scheme of Lamb and Retherford was the 

following." 

Instead of the H, line components, all of which 
involve the transition of an electron between two 
different radial states, they would observe the 
very much lower energy transitions in which 
transitions take place between two atomic states 
which differ only in the angular momentum prop- 
erties, not at all in the radial motion. They thus 
measure the fine structure directly, and not as a 
difference of two Balmer transitions. Such states 
lie very close on an energy scale: the quantum 
energy must be measured in microvolts instead of 
in the electron volts of the optical region. The 
wave-lengths are not those of red light, but 
rather some three centimeters. Here any old 
radar man would feel shame if he could not 
measure frequency to within a few percent! 
Molecular hydrogen, largely dissociated by heat- 
ing, is allowed to emerge from an oven into an 
atomic beam apparatus. Across the beam of 
atoms an electron stream passes, exciting oc- 
casional atoms—about one in a hundred million 
—to the second radial state, with angular mo- 
mentum given in the usual way as *S;. Radiation 
from this state to the ground state is very slow, 
and the atoms move in the beam in this meta- 
stable state until they strike a metal target. There 
such excited atoms can be recognized by a curious 
process, long used in the molecular-beam work to 
detect some special beams. They give their excess 
energy to metallic electrons, falling themselves to 
the ground state. The electrons leave the metal 
as though by thermal emission, producing a 
secondary electron current, measured with an 
electrometer circuit. If now any process causes 
the atoms in flight to make a transition to any 
other state which is not metastable—say one of 
the 2?P levels—the atoms will quickly decay to 








13 See J. M. B. Kellogg and S. Millman, Rev. Mod. Phys. 
18, 323 (1946). 

4 W. E. Lamb and R. C. Retherford, Phys. Rev. 72, 241 
(1947). 
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companies the disintegration of the Bristol heavy 
mesons. Such an identification is unsure, but it 
does lead to a rather neat theory. 

Even this is not all. More cloud-chamber pic- 
tures, this time from Manchester,* and some 
mass measurements from Berkeley cosmic-ray 
workers,’ and a whole series of rather indirect 
experiments done in the Caucasus by Russian 
cosmic-ray workers,'® all point to more mesons, 
perhaps about a thousand times the electron 
mass, both charged and neutral. None of these 
pieces of evidence is conclusive; taken together 
they are at least disquieting. 

The study of nuclear forces, the best use of 
high energy machines, the superenergy cosmic- 
ray phenomena, especially the giant showers— 
these are the problems before the workers in 
mesons. 1947 brought the simplest and most 
unsatisfactory account of mesons to a close, and 
entered a new era of meson sophistication. There 
is wide opportunity for many approaches to a 
partial solution of many problems. It is sure that 
the meson exists; and now we have a whole 
family of these intermediate particles, of positive, 
negative, and zero charge. The final unraveling of 
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this complex and the description of nuclear forces 
with its aid is surely a task for a decade, even at 
the present rate. More mesons are not to be ex- 
cluded; the unfundamental character of our 
fundamental particles now cries for explanation. 
It is certain that the reviews of the years to come 
will continue to illuminate this new and exciting 
landscape. 


SPECTROSCOPY, OLD AND NEW 


For a long time, now nearly thirty-five years, 
the atomic spectra, and especially the spectrum 
of the simplest atom, hydrogen, have been the 
touchstones of physical understanding. The Bohr 
theory of the atom won its success from the 
Balmer series; the Sommerfeld relativistic modi- 
fication, from the doublet structure; and the 
Dirac theory, from its complete agreement with 
the correct Sommerfeld doublet positions, and 
from the intensities which it correctly gave. From 
the side of theory, the system was the simplest we 
know ; from the side of experiment, the technique 
was enormously precise and refined. It was the 
place for the test of fundamental ideas. 

Not all was well. In 1937 (see Fig. 6) R. C. 


Fic. 6. This is a microphotometer 
tracing of a high resolution spectrograph 
of the strong red line of the hydrogen 
atom. (This is actually a photo of the Da 
line in deuterium, hydrogen of weight 
two.) The two strong peaks are the lines 
of the main transitions, and the small 
satellite on the right-hand line is the 
transition from the state 3*P, to the state 
2?S;. According to the Dirac theory, the 
small peak should lie about 0.03 cm™ 
closer to its strong neighbor than it does 
in this tracing. The vertical lines on the 
tracing are spaced about one-fifth cm™. 
While the line is not well resolved, it 
seems clear that moving it that far to the 
right would merge it nearly completely 
with the righthand doublet line. The line 
shift so measured was given the correct 
interpretation in 1938. The tracing was 
kindly supplied by Professor ol 
Williams; it appears in The Physical 
Review 54, 561 (1938). In the same year 
S. Pasternack correctly evaluated the 
shift of the S level of hydrogen, which 
would explain this and other small spec- 
troscopic effects. It took ten years to 
come to believe this result. 
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Williams, then at Cornell, made the best of a 








number of precision and high resolution spectro- 
scopic examinations of the fine structure of the 
prominent deep red line of the hydrogen atom— 
the well-known H, line—using both the normal 
and the heavy isotope. He used an interference 
method, employing the Fabry-Perot etalon and 
took great care to work with a discharge tube at 
low pressure and very low temperature. Results 
were good.'! The two main peaks shown in Fig. 6 
are separated by about one-fiftieth of the wave- 
length separation between the familiar doublet 
yellow lines of sodium. The small peak just to the 
left of the second major line is the most inter- 
esting line. It is mainly due to the transition be- 
tween the *P; state, third radial quantum level, 
and the °*S; state, second radial level. Its close, 
strong neighbor is the corresponding transition 
between excited states, but *D3/. to *P;. The 
spacing between these lines is given by the Dirac 
theory, and is due essentially to relativistic 
effects. The separation of the main components 
can also be computed. Both of these values are 
off, not by much, but by what seems an amount 
beyond the error of the experiment. The small 
peak, for example, is too far from its strong 
neighbor by about its own width. Were the Dirac 
theory exact, the shape of the line would be much 
different; the little peak would be merely a 
smooth step, and not a distinct peak on the larger 
line. It was suggested at that time, nearly ten 
years ago, that the discrepancy was due to a 
shift upward by a small amount in the position of 
the S state involved.” Both the difficulties 
noticed here, and a number of other irregularities 
of fine-structure doublets, would have been re- 
solved by this assumption. But the Dirac theory 
was a good theory, and the discrepancy observed, 
while disturbing, was small enough to shrug off. 
Other experiments confirmed it only partially, 
and interfering lines from the molecule were 
blamed for the disagreement. The facts were 
clear, but they were somewhat uncomfortably 
minimized. This discrepancy is after all in the 
last decimal place of the old spectroscopy. In 
1947, a decade later, the hydrogen atom was ex- 
amined by the new spectroscopy. This is based on 
the absorption of quanta in the radiofrequency 
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region, and often involves identifying atomic 
states by observing the atoms in motion in an 
atomic beam under the action of impressed fields. 
Two workers of the Columbia group, where under 

Professor I. I. Rabi this beautiful technique had 

flowered," have studied the hydrogen atom in an 

experiment of enormous ingenuity and precision. 

The scheme of Lamb and Retherford was the 

following." 

Instead of the H, line components, all of which 
involve the transition of an electron between two 
different radial states, they would observe the 
very much lower energy transitions in which 
transitions take place between two atomic states 
which differ only in the angular momentum prop- 
erties, not at all in the radial motion. They thus 
measure the fine structure directly, and not as a 
difference of two Balmer transitions. Such states 
lie very close on an energy scale: the quantum 
energy must be measured in microvolts instead of 
in the electron volts of the optical region. The 
wave-lengths are not those of red light, but 
rather some three centimeters. Here any old 
radar man would feel shame if he could not 
measure frequency to within a few percent! 
Molecular hydrogen, largely dissociated by heat- 
ing, is allowed to emerge from an oven into an 
atomic beam apparatus. Across the beam of 
atoms an electron stream passes, exciting oc- 
casional atoms—about one in a hundred million 
—to the second radial state, with angular mo- 
mentum given in the usual way as *S;. Radiation 
from this state to the ground state is very slow, 
and the atoms move in the beam in this meta- 
stable state until they strike a metal target. There 
such excited atoms can be recognized by a curious 
process, long used in the molecular-beam work to 
detect some special beams. They give their excess 
energy to metallic electrons, falling themselves to 
the ground state. The electrons leave the metal 
as though by thermal emission, producing a 
secondary electron current, measured with an 
electrometer circuit. If now any process causes 
the atoms in flight to make a transition to any 
other state which is not metastable—say one of 
the 2?P levels—the atoms will quickly decay to 


13 See J. M. B. Kellogg and S. Millman, Rev. Mod. Phys. 
18, 323 (1946). 

4 W. E. Lamb and R. C. Retherford, Phys. Rev. 72, 241 
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Fic. 7. This is the new spec- 
troscopy. The curve plotted shows 
the change of current of metastable 
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atoms resulting from the absorption 
of microwave quanta, plotted as a 
function of magnetic Feld As ex- 
plained in the text, this really shows 











the Zeeman effect of the lower level 
of the fine-structure transitions 
shown in William’s optical spec- 
trograph. It represents an enormous 








3 





GALVANOMETER DEFLECTION — (CENTIMETERS) 





| 

| 

| 

| 

#9487 MEGACYCLES, SEC. 
— 

| 

| 

== 


trum: three-centimeter . waves re- 
place red light The width of the 
lines shown here is in part real, in 
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Columbia. 


magnification of the frequency spec- 
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the ground state by emitting one of the lines of 
the Lyman series. The atoms then arrive at the 
target in their ground state, and are not detected. 
One scheme which would induce such transitions 
might be the absorption of microwave quanta, 
which would induce transitions from the meta- 
stable S level to one of the corresponding P states. 
If now the current of metastable atoms is plotted 
as a function of microwave frequency, a reso- 
nance curve will appear, minimum beam current 
showing the resonant frequency of the transition. 
In Fig. 7 there is such a curve. Actually, a some- 
what more complicated effect is used for this 
curve. The atoms are allowed to enter a magnetic 
field, and the fine structure states split by the 
anomalous Zeeman effect. Then the curve is run 
as a function of the applied magnetic field at a 
fixed frequency. The curve shows the change in 
galvanometer deflection caused by the microwave 
radiation. The two peaks are two of the four lines 
of the Zeeman effect for the transition between 
the states of different magnetic quantum number 
im the transition 2°S,;—2?P;. Without magnetic 
field, the resonance would come at about 9950 
megacycles, and would be single. The magnetic 
field values for which resonance occurs at the 
frequency applied are now easily measured, and 
lead to a most precise measurement of the hydro- 
gen fine structure. It should be observed that the 
splitting between the two right-hand peaks in 
Fig. 6, the H, photograph, is represented in the 
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Lamb-Retherford work by the measured micro- 
wave frequency of resonance, not by the Zeeman 
splitting between the two peaks. The Zeeman 
splitting is not more than about a tenth of the 
main effect, even at 1000-gauss field. But even 
this splitting is well measured. 

The Lamb-Retherford result cannot be 
doubted. The two levels 2*S; and 2?P;, which were 
supposed on the Dirac theory to lie at exactly the 
same energy, are in fact split; the 27S; state lies 
higher by about 0.033 cm™, just one-eleventh of 
the predicted separation of the two P states, of 3 
and 3 total angular momentum. The P separation 
seems to agree within present experimental error 
with the Dirac theory. Just this result was sug- 
gested ten years ago on the basis of the optical 
spectra, but theorists could avoid coming to grips 
with the problem until the Lamb-Retherford re- 
sult showed unambiguously and precisely just 
how far the Dirac atom was wrongly built. 

The full explanation seems already to be at 
hand. Even a decade ago the suggestion had been 
made of how to correct the Dirac theory. But 
this year theorists found it necessary to answer 
the question, and they found how to do it. It will 
not be possible to give here the details of the 
theory now reaching formal completion, but it 
will be our attempt to understand the nature of 
the problem and its solution. 

The Dirac theory of the atom treats a simple 
system, the electron moving in the field of a point 
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positive charge. It is clear that this is an abstrac- 
tion from reality. For example, the nucleus is not 
a point. It is a proton with a definite size and a 
magnetic moment, for example, which cannot be 
predicted by any theory today. But the effect of 
such an idealization is not what the measurements 
show. Clearest proof is that the deuterium atom 
shows a very similar level shift. This is con- 
vincing for the idea that it is an atomic and not a 
nuclear problem we here face. Optical spectral 
measurements!® done in 1947 in order to test the 
theoretical explanation show split components of 
lines of the spectrum of ionized helium which 
fully confirm the general ideas, and even measure- 
ments on nuclear magnetic moments and hyper- 
fine structure—a very different field—lead to a 
similar interpretation. So the same idea has found 
precise expression in more than one experiment. 

What is the idealization of the Dirac atom 
which we now are forced to re-examine? It is that 
the electron moves about the proton but does not 
radiate, and has no connection with the electro- 
magnetic field except as it responds to the charge 
of the proton. It is as though one were to calcu- 
late the normal frequencies for vibration of a 
perfect piano string without taking account of 
the fact that it can radiate sound. That is a very 
good approximation, and the frequencies so found 
are very nearly those observed. But actually the 
piano string is not képt in a vacuum, but inter- 
acts with the air of the room. Two effects will be 
noticed because of the air of the room: first, the 
motion of the string, once started, will not persist 
forever, because energy will be lost by the radia- 
tion of sound. This will introduce a damping 
factor, the familiar exponential decay of the 
amplitude with time. This modulation on the 
otherwise perfect sine wave produced by the 
string has the effect of introducing side-bands ; 
the single frequency will now not be perfectly 
sharply defined, but a small band of frequencies 
will be emitted by the string, even if it vibrates in 
the fundamental mode of its air-free motion. 
Such an effect will, of course, be the greater the 
greater the radiation ; for a string which vibrates 
in a dense atmosphere, the frequencies might be 
considerably spread. This is a good analog for the 
atom. The spectral lines are not perfectly sharp ; 
they have a characteristic natural width which 
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depends on the rate at which the atom can radi- 
ate quanta, and so leave its excited states. In 
quantum mechanics only the ground state is 
completely sharp. So much is quite familiar; 
everyone knows of the natural radiative width of 
a spectral line. It is small because radiation is a 
relatively unimportant effect. The atomic “piano 
string”’ is little damped by the ‘‘atmosphere’”’ into 
which it radiates. The Dirac approximation, 
which is to treat the level as quite sharp in the 
original problem and then to correct by adding 
the broadening effect, is satisfactorily accurate. 

But there is another property of the string-air 
system. The presence of the room air will act to 
increase the effective mass of the string; it must 
move the air nearby when it vibrates. This will 
not only broaden the sharp frequency, but will 
also slightly shift the fundamental frequencies of 
the string from the value they would have had in 
a perfect vacuum, without sound radiation. This 
is just the Lamb-Retherford shift, as Bethe has 
first shown.'® It corresponds to an effective 
change in the characteristic atomic energy levels, 
related to the line broadening in the same way as 
the shift of the piano string frequency is related 
to its damping. The damping is a resistive effect ; 
the level shift is in the same electrical language a 
reactive effect. 

Why was this hard to discover? The answer is 
simply this: the energy of an electron in the Bohr 
orbit is the sum of its rest mass plus its energy 
resulting from the atomic state. If you now calcu- 
late—and this is a problem as old as Lorentz—the 
energy of an electron in interaction with the 
electromagnetic field in free space—not in an 
atom—you get an infinite, and hence a senseless 
result. This follows whenever you refrain from 
giving the electron a structure, a definite size. 
And no clear-cut way of giving it a size has been 
found, though it is a problem a generation old. 
The great advance of 1947 was not so much 
finding a logical way to make the infinite result 
come out calculable, as finding a scheme by which 
the free electron with its infinite electromagnetic 
mass could be compared with the still infinite 
electromagnetic energy of the electron bound in 
hydrogen. These two showed a difference, and 
that difference is just the Lamb shift. The infinities 
are false and will disappear from a future theory ; 


16H. A. Bethe, Phys. Rev. 72, 339 (1947). 
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Fic. 8. The cloud cham- 
ber at Berkeley, with a 
strong magnetic field. The 
two heavy tracks are a low 
energy, strongly curved 
proton track and a 
straighter high energy pro- 
ton. These protons are re- 
coils from a hydrogen con- 
taining gas placed in the 
cloud chamber. It is very 
likely that the high energy 
knock-on proton is in fact 
just the incident neutron, 
now become a proton by 
the action of the exchange 
forces, as described in the 
text. 






the difference is real and can be computed from 
today’s concepts. 

Welton has pointed out a very simple way of 
regarding the effect.'? One consequence of the 
Heisenberg uncertainty principle is that in quan- 
tum mechanics the number of quanta in the 
electromagnetic field can be fixed precisely only 
at the price of admitting fluctuations in the elec- 
“tric and magnetic fields in space. In this way we 
may say that an atom shows the photo-effect be- 
cause the electric field, which on the average was 
only very small, corresponding to a few quanta 


" Welton, Phys. Rev. 73 (1948), in press. 
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being present, yet can transiently be strong 
enough to eject an electron from its orbit. Even 
in a region of space where there are no quanta, 
then the electric and magnetic fields, on the 
average certainly zero, fluctuate widely. These 
effects are known as the vacuum fluctuations of 
the electromagnetic field. They are, of course, a 
wholly quantum-theoretic result. How will an 
electron respond to these fluctuating fields? It 
will, of course, move in them, wildly moving 
about in a kind of Brownian motion in free space, 
colliding with the quanta which are only tran- 
siently present. A free electron will respond ; so 
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will a bound electron. If you allow the possibility 
of response to transient quanta of all frequencies, 
you get the infinite energy of the free electron. 
But forget this inconsistency, and compare a free 
electron with a bound one. Quantum by quantum, 
the effect will be the same. But the bound electron 
is forced by its “Brownian motion” to tremble in 
the potential field'‘which binds it as it executes its 
orbital motion. Its average energy then will be a 
little changed. This is the Lamb level shift. [t is 
not hard to see that the effect will depend on the 
gradient of the force field in which the electron 
moves, or the second derivative of the potential. 
For the fluctuating motion is random in direction, 
and if the force were constant as much work 
would be done by the electron on the binding field 
as by field on electron, and no change would be 
noticed. Only the lack of cancellation will show 
up; this depends on the second derivative of the 
potential. Since the motions are to be thought of 





Fic. 9. This is a photograph of a 
cloud chamber with a strong mag- 
netic field, taken at Berkeley with 
the 184-in. f-m cyclotron. The 90- 
Mev neutrons are incident on the 
nuclei of the cloud-chamber gas, and 
the tracks shown include two star 
processes, where several heavy 
charged particles radiate from a 
single point. These are artifical 
equivalents to the cosmic-ray stars 
shown in Figs. 4 and 5, but with no 
mesons involved. Neutrons cause 
these star processes. 
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as very small ones, higher derivatives will have 
little effect. This argument can be made precise, 
and a good value gotten for the level shift. 

This is not the whole story. For the vacuum is 
peopled not only with the fluctuating electro- 
magnetic fields, but with the unnoticed electrons 
in negative energy states introduced by Dirac. It 
is these electrons which can be promoted in 
energy. When this is done the electron is now a 
visible ordinary one, and the “‘hole’”’ it left behind 
behaves like a positron, the ‘‘donkey”’ electron 
which moves backward when you pull it acting 
like a positive charge. In the vacuum, where no 
electrons or positrons are present on the average, 
there is a fluctuating charge density correspond- 
ing to the transient appearance of positrons and 
electrons, promptly annihilating each other. With 
these charges and currents the electron can also 
interact, and this somewhat modifies the level 
shift. This latter effect also contributes to an 
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CROSS SECTIONS (IN BARNS) FOR THE 
SPALLATION PRODUCTS RESULTING FROM 
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effect not correctly calculable from the ‘‘ Brownian 
motion” idea alone, a small deviation from the 
Dirac value of the magnetic moment of the 
electron. This has also been confirmed'® experi- 
mentally in 1947 by comparison of calculated and 
measured Zeeman splittings, done with great ac- 
curacy by atomic beam magnetic resonance 
effects in gallium and sodium spectra. This shows 
a distinctly larger spin magnetic moment for the 
atomic electron than exactly the unit Bohr 


magnetron of theory, if we assume the orbital 


effect unchanged. Schwinger"® and a series of in- 
vestigators have by now developed the theory to 
a point where all these small effects can be essen- 
tially predicted theoretically. It is to be pointed 
out that while no very new concepts have yet 
come in, this formally beautiful work is of the — 
greatest importance. The effect is small for elec- 
trodynamics, and the really new corrections to 
the quantum analog to Maxwell’s equations are 
hard to find. None of the experiments yet fore- 
seen require that the still not quite clear way to 
make the infinite terms finite be given correctly. 
But in meson theory the coupling of the source 
with its meson radiation is large, not weak as for 
ordinary quanta. Here we may expect that the 
new theoretical approach will meet a stringent 
test. Can it predict the reaction of the meson 


'®P. Kusch and H. M. Foley, Phys. Rev. 72, 1256 
(1947); Nafe, Nelson, and Rabi, Phys. Rev. 71, 914 (1947). 


19 J. S. Schwinger, Phys. Rev. 73, 415 (1948). 
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Fic. 10. This is _ radio- 
chemistry at high energies. 
The sample of antimony, con- 
taining the two target iso- 
topes (so marked) 121 and 
123, yields on bombardment 
with 200-Mev deuterons all 
the activities marked with a 
square in the isotope chart. 
Most frequent are the colli- 
sions in which a couple of 
nucleons are knocked out 
without much heating of the 
nuclear matter, but rarely 
mary particles, up to twenty- 
odd, can be boiled off. The 
chart was furnished by Dr. 
Perlman of Berkeley. 


field? This determines not last-decimal-place 
quantities, but major ones like the magnetic mo- 
ments of the nuclear particles. It is too soon to 
say, but the year’s progress in theory not only 
goes far towards a satisfying and spectacular 
clearing-up of old difficulties, not only confirms 
very precise up-to-date spectroscopy, but pre- 
sages well for the treatment of the nuclear forces 
themselves. We do not yet have the theory of the 
future, but its framework is well in place. 


THE HIGH ENERGY MACHINES 


There are two dozen or so laboratories in the 
world busy on the construction of machines to 
make particles or radiation above 
energy. Not one of these was completed in 1947. 
Only the 100-Mev betatron at General Electric in 
Schenectady and the 200-Mev frequency-modu- 
lated cyclotron at Berkeley are now working in 
this range. Both these machines were operating 
in 1946, and the betatron even before. 

In last year’s review the hope for artificial 
mesons was high. The first section this year gives 
an account of how that hope has waned, and 
waxed again. Still no 300-Mev machine is work- 
ing; still, no mesons. Under construction at 
Birmingham in England is a 1300-Mev proton 
synchrotron, and designs at least have been made 
at Berkeley and at Brookhaven for a machine at 


100-Mev 


eight or ten billion electron volts. 
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But much has been learned even without 
mesons. Physics above 100 Mev is pretty much 
physics at Berkeley, and Figs. 8, 9, and 10 will 
give some idea of what they are doing. There are 
several important results. 

1. The exchange nature of nuclear forces.—lt is 
more than ten years since the idea of exchange 
forces for the nuclear particles gained pretty 
general acceptance. They are thought of as simple 
analogies to the kind of forces which unite two 
protons and an electron into a hydrogen molecu- 
lar ion, for example. This kind of chemical bond 
depends upon the possibility of the bonding 
electron being found near either proton, i.e., of its 
“exchanging”’ its position from one proton to the 
other. Such a chance for exchange brings in a 
purely quantum-mechanical effect, which makes 
the energy of the two atoms much lower when 
close enough so that the electron exchange is 
more readily possible than when the atoms are 
far apart, and the electron cannot exchange posi- 
tions. The important consequence of such a bond 
is that the approach of a third proton will not 
result in a lowered energy. The additional chance 
for exchange gives no further binding. Even more 
striking is the two-electron kind of bond in the 
neutral molecule of hydrogen. Here the two 
electrons must have opposite spins to lead to 
binding. A third atom must present the same 
electron spin as at least one of the two already 
present, and will in fact be repelled. Such forces 
are said to be saturated ; the number of effective 
bonds is limited. The chemists know such forces 
well. 

When these forces were postulated for nuclei, 
they were regarded as simply formal assumptions, 
needed to give ‘‘saturation.”’ It is a well estab- 
lished fact that in heavy nuclei the nuclear par- 
ticles appear to interact strongly with only a few 
other nucleons; the binding energy per particle is 
about the same for nuclei of all weights. So ex- 
change forces were needed.?° 

With the advent of meson theory a more 
physical picture could be given for such forces. 
They involved the exchange of mesons between 
nuclei, just as chemical forces involve the ex- 
change of electrons between atoms. 

Recent experiments at Berkeley have involved 


20H. A. Bethe, Elementary Nuclear Theory (John Wiley 
and Sons, Inc., New York, 1947), Chapter XIV. 
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the scattering of the high energy neutrons— 
about 90 Mev—from protons. The results were 
somewhat striking. A large fraction of the protons 
which were struck appeared to go forward, in 
about the direction of the neutron beam, with 
nearly the whole of the original neutron energy. 
This could be explained if the strength of the 
nuclear forces was very great, so that these head- 
on collisions could occur quite frequently. But we 
know that the nuclear forces are not that strong; 
the low energy scattering and the binding energies 
of light nuclei argue for a nuclear potential of 
only about 10 Mev. Another process is taking 
place, one predicted fifteen years ago. The colli- 
sion of neutron with proton often results, even 
when the collision is not a direct head-on en- 
counter, in the exchange of place between neutron 
and proton. The incoming neutron is not much 
deviated by the collision, but it becomes a proton 
en passant, and the target nucleon, now a neu- 
tron, recoils with a modest energy. This is the 
straightforward demonstration of the reality of 
exchange forces. How much such forces con- 
tribute to the total interaction can also be 
answered by precise measurements of the same 
sort. The cloud-chamber photographs of Fig. 8 
show such knock-on protons,”! some of which 
may be the very neutron sent in, now trans- 
formed by the exchange force. 

2. Nuclear reactions at high energy.—For ordi- 
nary nuclear reactions, with particles having 
some 10,000,000-volts energy, the nucleus has 
been compared with good results to a liquid drop. 
In this the hundred-odd nucleons of a middle- 
sized nucleus constantly jostle each other. A 
particle striking the drop ‘“‘warms it up,” impart- 
ing the incident energy to a few nucleons which 
quickly pass it on to their neighbors, so that the 
whole drop is heated. The drop may cool by 
evaporation of some of its particles or by radiating 
gamma-rays. Such a picture really works in ac- 
counting for nuclear reactions of the familiar 
sort. 

But 100-Mev neutrons have led to a different 
picture. They move so fast that they cross the 
whole nucleus before the other particles have 
moved even a little. Moreover, the fast particle 
has a rather small cross section for collision with a 


21 W. Powell et al. (in press). 
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sitigle nuclear particle. The nucleus no longer acts 
like a liquid drop, but rather like the snapshot of 
a small bubble of gas. The fast particle may go 
right through a middle-sized nucleus without 
touching any particles; the nucleus becomes 
partly transparent. But if a particle does get 
struck, things can indeed happen. If the struck 
particle lies on the surface of the nucleus, and 
takes perhaps 20 Mev from the incident pro- 
jectile, it will leave without more ado, and a 
rather simple nuclear reaction will have taken 
place. But it may be that the struck particle lies 
deep within the nucleus. It has a high energy, but 
not at all enough to cross the nucleus on its way 
out without striking other nuclear particles. Thus 
it will share its energy with the other particles, 
and the nucleus is again heated. The nucleus may 
now be very hot indeed, and boil off a large 
number of particles before reaching its ground 
state. In this way then, high energy reactions are 
extremely copious and varied. The comfortable 
days of nuclear chemistry, when you knew that 
only two or three reaction products were at all 
likely, are ended at high energy. Two different 
experimental approaches are shown in accom- 
panying figures. Figure 10 shows the rich and 
complex products of the bombardment of the two 
isotopes of antimony with 200-Mev deuterons.” 
In Fig. 9 the center of the photo shows several 
tracks radiating from a single point. These are 
the product particles from some rather complex 
reaction of the fast neutrons with the light atoms 
of the cloud-chamber gas. Such figures in cloud 
chamber or photographic plate are familiar from 
cosmic-ray work, where they are called “stars.” 
The study of stars and the radio-chemistry of 
high energy reactions provides a whole new field 
of nuclear physics. 

This work, and the verification of the idea of 
the transparent nucleus described above," by 


cross-section measurements” and by study of the 


mechanism of the deuteron break-up at the 
beryllium target in Berkeley** to make neutrons, 


* Seaborg, Cunningham, Hopkins, Lindner, Miller, 
“ean Perlman, and Thompson, Phys. Rev. 72, 740 (A) 
1947). 
23, W. Powell; Phys. Rev. 72, 739 (A) (1947). 
*4R. Serber, Phys. Rev. 72, 1114 (1947). 
( 25 — McMillan, and Sewell, Phys. Rev. 72, 1003 
1947). 
26 Cook, McMillan, Peterson, and Sewell, Phys. Rev. 72, 
1264 (1947). 
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form the first successes of nuclear physics at high 
energy. 


NUCLEAR PHYSICS: TRADITIONAL ENERGIES 


The year saw a by no means diminished activity 
in the more familiar domain of nuclear physics at 
ordinary energies. Here the old lines of effort 
continue, and there is an increasing tendency to 
do experiments precisely and well. A good meas- 
urement of most nuclear quantities was once one 
which had a probable error of twenty-five percent. 
Today experience and the many new techniques 
make possible some work to better than a per- 
cent, and, of course, the r-f spectroscopy gives its 
usual high precision. 

The neatest experiment of the year was one 
done with the chain reactor at the Argonne Labo- 
ratory in Chicago by Professors Fermi and 
Marshall.” It was an attempt to observe any 
specific interaction between the neutron and the 
electron. Since both have magnetic moments, 
there is an obvious magnetic interaction. This 
was not observed, for the experiment was done 
with an atom, actually xenon, in which there is 
complete cancellation of the electron magnetic 
moments. What was looked for was some new, 
specific interaction. Perhaps the neutron is, in 
fact, a nuclear core surrounded by a cloud of 
mesons, so that some of the time the system is 
like a proton accompanied at distances of 10-" 
cm or so by a negative meson. This would have 
a very small interaction with the electron when- 
ever the electron got close to the center of the 
nuclear particle. 

The method used was actually suggested by 
E. U. Condon in 1936.*° It depends on the fact 
that for any scattering process the scattering will 
be spherically symmetrical provided that the 
wave-length.of the scattered wave is large com- 
pared to the size of the scattéring center. This is 
well known in acoustics, in radio, and indeed in 
quantum mechanics. Large wave-lengths mean 
pure diffraction, and the opposite of specular re- 
flection, which is isotropic scattering. If thermal 
neutrons with wave-lengths of several angstroms 
are scattered from nuclei alone, the scattering 
will be spherically symmetric. But if the electrons 
around the nuclei take part, there will be a devia- 


27 E. Fermi and L. Marshall, Phys. Rev. 72, 1139 (1947). 
*8 E. U. Condon, Phys. Rev. 49, 459 (1936). 
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tion from isotropic scattering, for the atomic 
structure is not small compared to the neutron 
wave-length. The scatterer used was xenon gas. 
Such a choice was required if all magnetic effects 
were to be avoided, a non-paramagnetic atom 
had to be used. If all interference of waves 
coming from different atoms is to be avoided, a 
gas must be used. And the rather high cross 
section of xenon made the effect sizable, while its 
heaviness reduced the corrections resulting from 
the thermal motion of the atoms. 

A carefully collimated beam of thermal neu- 
trons was allowed to enter a tank containing 
xenon at about one atmosphere. Cadmium dia- 
phragms allowed the neutron beam to see only 
the gas or the Cd lining of the tank. The scattered 
neutrons were counted at a forty-five degree 
angle by the ordinary BF; neutron counters. A 
scheme for turning the whole scattering appa- 
ratus end-for-end was used to minimize geo- 
metrical asymmetries of construction. After cor- 
rections the fractional difference between 45° and 
35° scattering turned out to be almost zero, 
actually 0.0005 +0.0085. This result gives not the 
ratio of the cross section for the electrons com- 
pared to the nucleus, but the ratio of amplitude 
of scattered wave. Moreover, many electrons are 
involved. The final result is that the strength of 
interaction between electron and neutron is about 
one in fifty thousand as great as that between 
neutron and xenon nucleus. This result is re- 
markable in that it corresponds to the measure- 
ment by this diffraction method of an effect 
which, if acting alone, would lead to a cross 
section between neutron and electron of only 
some 10~** cm*. No clear-cut theoretical result is 
available on meson theory for the value of the 
interaction. The error in this experiment is about 
the size of the roughly estimated theoretical 
values. The measured null effect, since it is much 
smaller than the error, would if taken at face 
value be hard to reconcile with meson theory ex- 
pectations. But a precision ten times higher 
would be needed to lead to a real contradiction. 
It is now sure, however, that no interaction much 
larger than that of the meson theories does exist 
between neutron and electron. 

A rather similar but less convincing experi- 
ment, using molten lead, was done by the 
Columbia group of Rabi, Havens, and Rainwater. 
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Their result is in essential agreement with that 
of Fermi.”° 

Another slow neutron experiment of interest 
was reported in 1947. It was the establishment of 
the resonances in neutron scattering.*® These 
sharp peaks in the neutron transmission curve 
have long been studied. They were known to 
come from a high probability of absorption of 
slow neutrons whose energy coincided with that 
of a quantum state in the compound nucleus. The 
theory had long pointed out that such levels 
should show not only strong absorption but also 
strong scattering. This was verified for the first 
time unambiguously at the Argonne Laboratory. 
The experiment was simple: an annular counter 
surrounded a cobalt foil. The counter could detect 
neutrons only if they were scattered by the 
enclosed foil. This foil was then subjected to a 
beam of neutrons which had been passed through 
another cobalt foil. The detected neutrons would, 
ideally, be only those which had been strongly 
absorbed by the first cobalt foil. Its cross section 
for absorption would appear much higher than if 
all neutrons passed by the foil, even those far 
from resonance energy, were scattered and de- 
tected. Such an effect is indeed observed. This 
work is reminiscent of the old neutron days, when 
thermal neutrons were used for such experiments. 
It is only the intense sources and long experience 
of today which enables such work to go in the 
resonance region above 100-ev neutron energy. 
This work is less spectacular than most we have 
reported, but it deserves mention as the repre- 
sentative of a large number of results, both in 
experiment and theory, which are finally taking 
the guesswork and the confusion out of the be- 
havior of nuclei in the region of their ground 
states and a few million volts above. It is as such 
a representative that I have elected to report it. 
The literature is filled with many more examples 
of the maturing of nuclear physics. 

To mark a different point, there is the very 
recent work of the beta-ray spectrograph workers 


at Indiana.*! They have paid special attention to , 


29 Havens, Rabi, and Rainwater, Phys. Rev. 72, 634 
(1947). 

30 N. H. Barbreand M. Goldhaber, Phys. Rev. 71, 141 (A) 
teen’ Harris, Langsdorf, and Seidl, Phys. Rev. 72, 866 
1947). 

3t LL. M. Langer and C. S. Cook, Phys. Rev. (in press). 
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the low energy end of the energy distribution of 
the beta-particles from Cu®. They are especially 
concerned with electrons and _ positrons—this 
substance emits both—below 100-kv energy. 
This is a difficult research; such electrons are 
heavily absorbed and scattered by quite thin 
pieces of material, and great care is required to 
ensure against results falsified by such absorption 
or scattering. They have done the job, and they 
confirm and extend the results obtained earlier. 
There must be hundreds of experiments which 
examine carefully the upper end of the beta- 
spectrum ; only these two looked carefully at low 
energies. Their results agree: there are very few 
electrons at low energy, and too many positrons. 
Theory has been able to give a fairly convincing 
account of all the phenomena of beta-decay, but 
there is no explanation yet of this absence of the 
low energy electrons. Every scheme which has 
been thought of to modify the theory either is 
inadequate to explain the really striking size of 
the effect, or else throws away most of the worth 


while old results of beta-theory calculations. The 


problem is all the more worrisome because it in- 





Fic. 11. The liquid helium apparatus at Ohio State 
(photograph by J. G. Daunt). Within the vertical window 
is the liquid helium container, including the bottle through 
whose ground-glass stopper the superfluid flow took place, 
enriching the residue with the light isotope of helium. 
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volves nuclei and electrons in a region where we 
thought we understood what happened, a region 
not very different from that of the x-ray levels of 
heavy atoms. Much more experiment is needed. 
Perhaps this is some special effect in this particu- 
lar nucleus. It is to be hoped that next year will 
see those who measure beta-ray spectra paying as 
much attention to the low energies as to the high 
ones. 

The last point to be mentioned in this section 
is not physics but instrumentation. It is the rapid 
development of solid counters for ionizing radia- 
tion. Everyone knows how many devices—ion 
chambers, proportional counters, Geiger counters 





are available for the detection of ionizing 
radiation. All of these work on the same principle : 
the use of ionization in a gas. lons so formed can 
be made to drift to a collecting electrode, some- 
times very fast, and with secondary ionization to 
amplify the signal. But such counters have two 
disadvantages: they are large and rather ineffi- 
cient for gamma-rays and very fast particles. 
Such radiation has such a large range in gas at 
normal pressure that not many ions are produced 
in a counter volume of convenient size. High 
pressure is troublesome, and the lowered mobility 
of the ions slows response. A fast counting device 
which was made of a solid, not a gas, would be 
just a thousand times smaller for a given atomic 
content, and might be fast. 

Two such devices have been much worked on 
in 1947. One is really a solid ion chamber, the so- 
called crystal counter. A brilliant wartime thesis 
by a Dutch physicist, van Heerden, initiated this 
work.® It was an old but not very successful idea. 
He placed two electrodes across an insulating 
crystal. When ions were produced in the crystal, 
if the electrons had energy enough to go into one 
of the conduction bands of the crystal lattice, 
they could travel in the field between the elec- 
trodes and produce an amplifiable pulse. He used 
silver chloride, because it was known that it con- 
ducted no electric current, at least at liquid air 
temperatures, except when it was illuminated. 
The gamma- or alpha-ray ionizes the atom deep 
in the crystal just as ultraviolet does. But single 
pulses are counted, not the d.c. current. This 
device works well but it is still a little mysterious. 


% P. J. van Heerden, The Crystal Counter (Dissertation, 
Utrecht, 1945). 
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Some diamonds, those which have a particular 
kind of ultraviolet absorption, also appear to 
have the counting property. This ability to be- 
come temporarily conducting seems to depend 
upon some features of the crystal lattice which 
are easily disturbed by impurities and flaws. No 
doubt the electrons are set free with ample energy 
in every crystal, but only in a few can they travel 
to the electrodes. It seems that this development 
will indeed make for faster and more effi- 
cient counters when it has been a little better 
understood.* 

The oldest method for detection of single fast 
particles is the spinthariscope. This is just a 
microscope used to watch a_ phosphorescent 
screen. When an alpha-particle hits the grain of 
phosphor, a large fraction of the kinetic energy 
appears as visible light. Rutherford did all his 
early fundamental work in a dark room, patiently 
counting the scintillations. A more modern adap- 
tation of this idea is already providing a very 
useful counter. The microscope is omitted; the 
eye and hand are replaced by a photo-multiplier 
tube an amplifier, and scalar circuit; the zinc 
sulfide phosphor may be there, or it may be re- 
placed by a rapid-responding fluorescent ma- 
terial, such as napthalene, plain mothballs.** The 
mothball counter is already proving a valuable 
tool, especially for counting gamma-rays with 
high efficiency. The solid counters are here to 
stay; they should become as familiar as the 
ubiquitous Geiger-Miiller tube. 


THE SUPERFLUID 


The remarkable result of Ogg, who found that 
a solution of the alkali metals in liquid ammonia 
became a superconducting solid, was described at 
length in the review of 1946. While there has been 
one confirming report, several groups of experi- 
ments have failed to find Ogg’s result. It must be 
said that this result is still uncertain. It is too bad 
that we do not yet have a superconductor which 
we can count on at such high temperatures as 
that of liquid air. 


* Hofstadter, Milton, and Ridgeway, Phys. Rev. 72, 977 
(1947); L. F. Curtiss and B. W. Brown, Phys. Rev. 72, 643 
(1947); Friedman, Birks, and Gauvin, Phys. Rev. 73, 186 
(1948), 

* F. Marshall and J. W. Coltman, Phys. Rev. 72, 528 (A) 
(1947). 

35 M. Deutsch et al., private communication. 
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FG. 12. The soap-bubble’model of a metal (photo from Sir 
L. Bragg). These are bubbles 0.76 mm in diameter formed 
from a very small glass jet. The picture shows the irregular 
“grain boundary” between three ‘microcrystals’ of differ- 
ent crystal orientation. It is remarkably like a metal etch 
hgure, , 


The year saw a new and interesting result in 
the long history of the superfluid liquid helium. 
It has long been known that below about 2°K 
liquid helium behaved in a unique matter. There 
is nothing else like it. For example, in the appa- 
ratus shown in Fig. 11 the material contained 
in the central flask simply leaked through an 
ordinary tight ground glass stopper. It is a liquid, 
but it has the viscosity of a gas. Many remark- 
able experiments have confirmed this general 
behavior.*® 

A good many years ago it was suggested that 
this behavior was to be ascribed to the strange 
properties of particles which have zero spin, and 
thus obey the Einstein-Bose statistics. It is known 
that a perfect Bose gas will form a condensed 
phase at low temperatures, entirely independent 
of any attractive forces between the particles. It 
was thought that this property was involved in 
the strange behavior of the superfluid. 

A decisive test for this theory is the behavior of 
the light isotope of helium, He’. This light helium 
is present in normal helium to about one part in 
ten million. Its atomic properties are identical 


36 Daunt, Probst, Johnston, Aldrich, and Nier, Phys. 
Rev. 72, 502 (1947). 
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with those of ordinary helium, except in two re- 
spects. It is lighter, of course, and it has a non- 
zero spin, satisfying not the Einstein-Bose but 
the Fermi-Dirac statistics. Would this material 
become a superfluid? 

The experiment was attempted this year, but 
not quite conclusively. It was indeed found that 
after the superfluid left the container, the re- 
maining helium was enriched in the light isotope. 
The isotopic analysis, a very difficult problem for 
such small concentrations, was carried out by 
Nier at Minnesota, while the cryogeny was done 
by Daunt and at Ohio State.** The data seem 
unambiguous, but the conclusion is still uncer- 
tain. In the first place it is by no means clear that 
the material He* will behave normally in such 
high dilution ; in the second place, the transition 
temperature for He* to go over to the superfluid 
form, if it in fact can, may lie lower than the 
temperatures so far employed. The really con- 
clusive work can be done when macroscopic 
samples of light helium are available. Since it is 


‘formed by the decay of the radioactive isotope 


H’, which can be made in quite large amounts by 
irradiation of lithium in the strong neutron flux 
of the chain reactors, we may hope that this ex- 
periment will be done soon. The answer to the 
problem of the superfluid will shed real light on 
the related questions of superconductivity, and 
on the properties of the other curious ‘ 
liquid,”’ nuclear matter itself. 


‘quantum 


AN INTERESTING PAIR OF RESULTS 


The main stream of physics research has a kind 
of style. The advances we have already described 
are the ones made in the fashionable fields, the 
ones thought of as fundamental, the newsiest 
ones. But it is worth while to spend a little time 
looking at two results which show the forever 
amazing freshness and the unexpected unity of 


the field of physics. 


One such simple change in our ideas which has 
real consequences is a new measurement of the 
half-life of potassium 40, the radioactive isotope 
found in small concentration in ordinary po- 
tassium. The rather wide distribution of this 
isotope has always made it interesting, but its low 
activity, compared to uranium, has been re- 
garded as removing from it much importance for 
the heat balance of the earth, and for general 


330 


geological and biological questions. Measuring 
the activity of such a long-lived substance is the 
only means of measuring its half-life; we cannot 
observe decay in our lifetimes. Thus a beta-ray 
count from a weighed sample has been the source 
of our knowledge about the half-life of this sub- 
stance. It was pointed out by two Norwegian 
radio-geologists*? that the recent work of the 
Swiss physicists Bleuler and Gabriel** has im- 
portant consequences for the history of the 
earth. The Swiss workers confirmed an earlier 
suspiscion : K*® decays in two ways. Some of its 
nuclei disintegrate by emitting a beta-particle, to 
become nuclei of calcium. These decays are easily 
identified by the rather fast beta-ray, and can be 
counted. On the basis of such decays the lifetime 
has been set at about 7X10° years. But the 
nucleus can decay also by capturing an atomic 
electron, to become an argon nucleus. This 
process sometimes results in gamma-rays, but 
most often in no detectable nuclear radiation at 
all. These decays then are missed, and falsify the 
measured lifetime. The work of Bleuler and 
Gabriel was to measure the x-rays which are 
emitted by the atom in filling up the “hole” after 
the K electron is swallowed by the nucleus. This 
gives a true lifetime of about 2.4 10° years. This 
sounds like a good piece of clean-up work, but 
hardly something of interest except for completing 
the table of radioactive isotopes. Not so. Gleditsch 
and Graf remind us that potassium is responsible 
right now for only about a fifth of the heat pro- 
duced in the earth’s crust. But about 2.4 billion 
years ago, a time when the earth was new, the 
potassium must have produced a thousand times 
as much heat as it does now, while the elements 
we think of as the radioactive ones went along at 
less than double their present rate of heating. The 
heat caused by radioactivity in the earth’s crust 
was hundreds of times greater then than now, 
and all from potassium. It is clear that early 
geology will be much affected by such an energy 
source. It is curious to note that living organisms 
of the sort we know today could not have evolved 
a few billion years ago; the potassium radio- 
activity was too great! The argon of the atmos- 
phere originates from potassium decay. 


47 E. Gleditsch and T. Graf, Phys. Rev. 72, 640 (1947). 
3° E. Bleuler and M. Gabriel, Helv. Phys. Acta 20, 67 
(1947). 
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The last of the figures, Fig. 12, shows some 
soap bubbles. They have a story, too. At the 
Cavendish Laboratory Sir Lawrence Bragg and 
J. F. Nye have prepared a very ingenious and 
beautiful demonstration, from which real infor- 
mation can come.** The bubbles shown in the 
figure are small soap bubbles about ? of a milli- 
meter in diameter, blown in the hundreds of 
thousands by a fine glass jet, and allowed to float 
as a “raft’’ of bubbles on the surface of the soapy 
water. Soap bubbles attract each other, as is well 
known, when they come close enough so that the 
capillary forces can work. But they do not 
coalesce ; repulsive forces set in when the bubbles 
come so close that compression of the air content 
begins. The forces which join bubbles are not 
directional. Now, all these statements can be 
made about the forces between the atoms of a 
metal. For the first time a model has been pre- 
pared which has enough “‘particles’”’ to give a fair 
idea of how a metal must act. And the result is 
spectacular. The figure here reproduced shows a 
grain boundary, with the microcrystals oriented 
differently in the two grains. If the reader will 
allow his imagination just a little scope, he can 
easily fancy himself looking at an etched metal. 


39 L. Bragg and J. Nye, Proc. Roy. Soc. A190, 474 (1947). 


Notice the irregular and low density character of 
the grain boundary. Sometimes out-size bubbles, 
“impurity atoms,” can be found concentrated in 
such boundaries. Slip, shear, impurity effects, 
elastic deformation, the “‘Beilby layer,’ all these 
and more phenomena have their analog in the 
bubble crystal. A three-dimensional model can be 
made by piling the bubbles in a thick layer; its 
properties are evidently more difficult to observe 
in detail. The many photos of the model which 
appear in the original paper are well worth 
looking up; it is a pity that the moving picture 
reels Sir Lawrence has taken are not widely 
available. 

It seems appropriate to end with this simple 
idea. Physics includes very much; the line shift 
and the bubble model are two of the many and 
diverse events of physics in 1947. It is apparent 
to this reviewer that justice has been done to 
none of the events here described, and that many 
others were necessarily omitted. If a few readers 
will go to the original papers, or will recall for 
themselves valuable work not here reported, this 
review will have had some effect. 

I am grateful for the kindness of those who 
supplied the figures reproduced here. Their names 
will be found in the figure captions. 
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Self-Excited Mechanical Oscillations 
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This paper deals with a phenomenon of self-excitation observed in an electromechanical 
system. It is shown that this phenomenon is expressible in terms of a difference-differential 
equation, having a frequency spectrum that depends on a parameter. The linear theory fails to 
give an answer to the question of stability of oscillations. It is necessary for this purpose to 
make use of the equations of the first approximation of the non-linear theory. Expressions for a 
stable stationary amplitude and frequency obtained on that basis show an agreement with the 
observed features of these self-excited oscillations. 


i. FORMULATION OF THE PROBLEMS 


Bie paper deals with certain self-excited os- 
cillations observed in a mechanical system 
possessing a retarded action. The problem can 
be described as follows. Consider a system with 
one degree of freedom (e.g., a pendulum) acted 
on by an external periodic moment. Its differ- 
ential equation is 


J6+B6+C6=M sinxt, (1) 


where J, B, and C are well-known physical 
constants, @ is the angle of oscillation, assumed 
to be small, and M sinxt is the external moment. 
Very frequently, in order to increase the natural 
damping of the system, one provides an arti- 
ficially produced moment, S@, so that (1) is to 
be replaced by 


J6+(B+5S)6+C0=M sinxt. (2) 


This is, for example, the underlying idea of 
the antirolling stabilization of ships where the 
moment S@ is produced by properly timed dis- 
placements of water ballast between the tanks. 
As this problem has been treated elsewhere! we 
shall not enter into this matter here. In practice 
the coefficient S is a monotone increasing func- 
tion S(A) of a certain parameter \, the amplifica- 
tion factor of the electronic control in the problem 
just mentioned. It is generally observed that for 
a certain interval of \, (2) describes the behavior 


1N. Minorsky, Trans. A.S.M.E. 69, 735 (1947). 
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of the system sufficiently accurately. If, however, 
exceeds a certain critical value, there appears 
an additional oscillation of parasitic nature which 
does not follow from (2). A cinematographic 
investigation has shown that this oscillation is 
apparently related to the existence of a time lag 
with which the moment S@ is applied to the 
system. Since similar phenomena, have been ob- 
served in other applications,’ it was thought that 
it might be of interest to investigate this matter 
in more detail. Oscillations of this kind are also 
observed in the absence of any external excita- 
tion. For that reason it is convenient to consider 
instead of (2) the following difference-differential 
equation : 


J6+B6+S(d)6(t—h) +C0=0, (3) 


where 6(t—h) = 6, is the retarded velocity, h being 
the time lag which we shall assume to be con- 
stant. Dividing (3) by J and setting B/J=p; 
S(A\)/J=q and C/J =,’ we obtain 


6+ pO+q(d)b, +0070 =0. (4) 


It is possible to ascertain the existence of an 
oscillatory process in which we are interested 
here on the basis of this equation, but as regards 
other features of these oscillations, such as their 
stability, stationary amplitudes, and so on, this 
equation is inadequate. For this purpose it is 
necessary to supplement the /imear difference- 





2F. Rheinhardt, Wiss. Veréff. Siemens Werke (1936). 
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differential Eq. (4) by certain non-linear terms, 
and then the theory seems to be in agreement 
with the observed facts. 


2. LINEAR PROBLEMS 


We shall try to satisfy (4) by a solution of the 
form 


0 = Oye? = Oye(@tie)t (5) 


where a@ is either a decrement (if a<0) or an 
increment (if a>0) and w is the frequency, 
where 7=1\/—1. On substituting (5) into (4), 
multiplying by (a—jw), and setting wh=¢, we 
have 








aw” 
a+——+ p+qe~*" cos¢ = 0, (6) 
a®+w? 
ww” , 
—wt+ —-+ge~* sing =0. (7) 
a? +o’ 
For a harmonic oscillation (a=0), we have 
p+q cos¢=9, (8) 
ate 
—-+q sing=0. (9) 
w 
Combining these equations, we obtain 
(wo? —w*) /pw = tangd. (10) 


A harmonic oscillation can exist only if (8) and 
(10) are fulfilled simultaneously. We shall show 
that this is possible only for certain values of 
the parameter X. In fact, (10) can be written as 


(wo7h/ p)(1/wh) — (1/ph)wh = tang. 


Setting wo’h/p=g; ph=n, where g and m are 
positive constants, the preceding equation be- 
comes 


g/o—o/n=tand. (11) 


This transcendental equation can be solved 
graphically by finding the abscissas of the points 
of intersection of the two curves 


yi=g/o—o/n and ye=tan¢. 


The curve yi=y1'+ 41” is obtained by adding the 
ordinates of a hyperbola y,'¢=g and of a straight 
line y;’"’=—(1/n)@ passing through the origin 
and having a negative slope — 1/n. The graphical 
construction is shown in Fig. 1. The roots ¢o. ¢1, 
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$2, -:: of (11) are at the points A, B, C, D, ---. 
The fact that (8) must also be satisfied imposes 
an additional restriction on these roots. In fact, 
since p>0, g>0 and cos¢<0, the regions in 
which cos@>0 are ruled out so that only qi, ¢3, 

-+ in the regions where cos¢ <0 are admissible. 
Since both (8) and (10) have to be satisfied 
simultaneously, it is apparent that this can occur 
only for certain discrete values of the parameter 
q for which the values of ¢ from (8) are precisely 
the values ¢1, $3, obtained from (10) as 
shown in Fig. 1. We can call these particular 
values gi, gs, -- : of the parameter g, the harmonic 
values inasmuch as only when g reaches one of 
these values, say g=q., a harmonic oscillation 
(a=0) with frequency w:=¢:/h is possible. If q 
differs from a harmonic value, the oscillation 
ceases to be harmonic (a0). In what follows 
we will attach subscripts to indicate the harmonic 
values, €.g., 91, w1, $13 G3, Ws, 63; ***, COrrespond- 
ing to the different modes of harmonic oscilla- 
tions. The most important of these modes is 
generally the first one, and we will confine our 
attention only to this first mode. Although it is 
possible to obtain higher modes, their amplitudes 
are generally so small as to be of no interest. As 
regards the first mode, it is clear that ¢; may be 
either in the second quadrant (4/2<¢1<7) or 
in the third (r#<¢,<32/2), depending upon the 
shape of the curve y,, that is, ultimately, on the 
constant parameters p, h, and w,? of the system. 
If ¢; is in the second quadrant, sin¢,;>0 and 
from (9) it follows that w;?>wo?; if ¢; is in the 
third quadrant, w1? <w. 
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For reasons which will appear later we shall 
be interested only in solutions (5) not far from 
the harmonic solutions (a=0). In that neighbor- 
hood @ is small. The substitution of (5) into (4) 
gives: 


2+ (wo?/2) +p+qe-™ =0. (12) 


Let us consider a small change Ag of the param- 
eter from its harmonic value q, for which z= jw. 
For git+Aq, the corresponding value of z will be 


2=jwit+Az=jwitAat+jAw. 


Substituting this value in (12) and carrying out 
calculations to the first order of small quantities 
Aq, Aa, and Aw, one gets 


Az=Aa+jAw = — Aq/(m*e!*!—hq,) ;m?* 
=> 1 + wy", w1" 

The real and the imaginary parts of this ex- 
pression yield 
Aa/Aq = — (m* cosd; — hq) / 

(m4 — 2qihm? cos¢,+h*q,"), 
Aw/ Ag = (m? sing;) /(m*— 2qihm* cos¢i+h’*q,’). 
Since cos¢1= — p/q; sind: = +(q:*— p”)'/qi these 


expressions become 


Aa/Ag = (m*p+hqi*)/(qi(m*+2phm?+ h*q,’) J, 
(13) 


Aw/Ag = +(m?(q:? — p?)*)/ 

[qi(m*+ 2phm*?+h?q,*) |. (14) 
Since the right-hand side of (13) is always posi- 
tive, Aa>0O for Aqg>O and vice versa but, since 
for Ag=0, a=0, this means that for a small 


increase (Ag>0) of g from its harmonic value, 


a>0O and for a decrease (Ag<0), a<0. The sign 
of the right-hand side of (14) depends on that 
of sing; if ¢; is in the second quadrant, the plus 
sign must be used; if it is in the third quadrant, 
one must take the minus sign. Since A¢=hAw, 
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the same remark applies to A¢/Ag. These con- 
clusions can be summarized in connection with 
Fig. 2 for the two cases just mentioned, viz.: 
w/2<¢1 <2 (point A) and r<¢; <32/2 (point B). 
In the first case for Ag>0, A¢>0 (point A’) and 
for Ag<0, A¢?<0 (point A’’). In the second, for 
Ag>0, A4¢<0 (point B’) and for Ag<0, Ag>0 
(point B’’). Hence, in both cases for Ag>0, the 
phase angle shifts into the sector AmB (points 
A’, B’) and for Ag <0, the phase angle (A”’, B”’), 
on the contrary, is shifted into the sector AnB. 
We may call the sector AmB, the sector of self- 
excitation, inasmuch as for ‘phase angles ¢ in this 
sector a>0O and the motion occurs with incre- 
ments. In the sector AnB, a<0 and the oscilla- 
tion dies out, 

The harmonic thresholds themselves (points A 
and B) appear thus as divides separating the 
values of ¢ for which a>0 from those for which 
a<Q. Using the terminology of Poincaré,’ the 
harmonic value g: appears as the bifurcation 
value for the parameter g. For gq=qi—Agq, the 
differential equation has a stable focal point; 
for g=qi+Aq the focal point is unstable and for 
g=qi, the threshold itself, the singularity is a 
vortex point and the system behaves as a har- 
monic oscillator. On the basis of the linear 
theory the amplitudes increase indefinitely if 
a>0O, which is contrary to the observed facts. 
It is necessary, therefore, to adopt a non-linear 
treatment of the problem. 


3. NON-LINEAR PROBLEM 


Instead of (4) we will consider now a quasi- 
linear difference-differential equation 


6+ p6+q(r)On,+w070+uf(6, 6,)=0, (15) 


where f(6, 6,) is a non-linear function of 6 and 6, 
and yu is a small parameter. The condition of the 
quasi-linearity restricts the investigation to neigh- 
borhoods of the periodic solutions (2=0) of the 
linear problem (u=0). This is also a case which 
is of interest in practice since the non-linearities 
are generally small in a well designed installation. 
If one succeeds in showing that there exists a 
closed solution of (15) of the ‘‘limit cycle’’ type 


3H. Poincaré, Figures d’Equilibre d'une Masse Fluide 
(Paris, 1903); A. Andronow and Chaikin, Teorie of Oscilla- 
tions (Moscow, 1937); Translation of this book by S. 
Lefschetz will appear shortly in the Princeton University 
Press. 
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in the neighborhood of the harmonic solution, 
the problem is solved. In general it is not certain 
that a solution of this kind exists. It may exist, 
however, for some special forms of the non-linear 
function f, and this will be the subject of our 
inquiry. 

Following the Kryloff-Bogoliuboff method‘ 
we shall look for a solution of the form 


6=a sin(wi+ 8), (16) 


where a, the amplitude, and 8, the phase angle, 
are certain unknown functions of time. More- 
over, it is desired that 6 should be of the form 


6=aw cos(wt+8), (17) 
which imposes an additional condition 
a sin(wt+f) +aB cos(wt+ 8) =0. (18) 


Differentiating 6, considering a and 8B as vari- 
ables, substituting 6, 6, and 6 in (15), and setting 
wt+B8=y one obtains 


ad+al_(wo?—w*)/w+q sing | siny cosy 


+a(p+q cos¢d) cos*y+ (u/w)f cosy=0, (19) 
Ba — a( p+q cos) siny cosy 
— al (wo? — w*)/w+q sing } sin*y 
— (p/w) f siny=0, (20) 


where f=f(adw cosy, dw cos(y—@)). In this ex- 
pression for f it is assumed that the retarded 
amplitude @ is equal to the non-retarded one a, 
which seems to be plausible in the first approxi- 
mation if the time lag is small. These equations 
are of the quasi-linear type if the problem is 
restricted to a small neighborhood around w; and 
¢:, in which case the quantities (wo?—w*)/w 
+qsing=e and p+qcos¢=7 are small, which 
we will assume. This means that during one 
period T=22/w of the trigonometric functions 
the quantities a and 6 vary very little. One can 
apply, therefore, the standard procedure® of 
“averaging’’ per period 7 which leads to the 





*N. Kryloff and N. Bogoliuboff, Introduction to Non- 
Linear Mechanics (Kieff, 1937); English translation by 
S. Lefschetz, Princeton University Press, Princeton, New 
Jersey, 1943); also N. Minorsky, Introduction to Non- 
Linear Mechanics (Edwards Brothers, Ann Arbor, Michi- 
gan, 1947), p. 187. 

® Reference 4; also B. van der Pol, Phil. Mag. 7, 3, 35 
(1927); Phil. Mag. 6, 43 (1922). 
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following equations 


a(t+T)—a(t) ae f™* 
nomcepamenesailisng f siny cosydy 
= 2m Jo 


be 
cos*ydy +—— 
2m v5 Tw 


an 
+ — 


x f f(aw cosy, dw cos(y—¢)) cosydy =0, 
0 


B(t+7T)—B(t) 9  . 
——__——_—__—- — f siny cosydy 
:§ 2n 0 


€ ~~ , v 
_— f an*ydy—-—— 
2r Ho 27aw 
xf f(aw cosy, dw cos(y—¢)) sinydy =0. 
0 


If one considers the slow variations of the ampli- 
tude and phase in the course of many periods 7’, 
one can replace a(t—T)—a(t) by Aa, etc., and 
assume T of the previous problem as AT of the 
present one. In the first approximation one can 
write, therefore, the first terms in the preceding 
equations as da/dt and d8/dt, but it must be 
borne in mind that these new notations relate 
now to the averaged process occurring in the 
course of many periods of the trigonometric 
functions.> With these notations the equations 
of the first approximation become 

da an su 


dt 2 


2rw 
xf f(aw cosy, dw cos(y—)) cosydy, (21) 
0 


dp e« m 
=—+ 
dt 2 2maw 


x f f(aw cosy, dw cos(y—¢)) sinydy. (22) 
0 


These equations differ from the Kryloff-Bogo- 
liuboff equations® only by the terms with ¢ and 7 
arising from the transcendental character of this 
problem. 


6 Kryloff-Bogoliuboff, reference 4; N. Minorsky, refer- 
ence 4, p. 188. 
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It is necessary now to restrict the problem to 
the case with which we were concerned in these 
experiments. The artificially produced moment 
S(A)6, was obtained in our experiments by dis- 
placing a certain amount of water ballast by 
means of the axial variable pitch pumps con- 
trolled through an electronic system from instru- 
ments responsive to the angular motion of the 
system. Not entering into the technical details 
of this arrangement described elsewhere,' it is 
sufficient to mention here that, owing to the 
inherent limitation of pumps and driving equip- 
ment, the transferred ballast for larger 6, was 
slightly less than in accordance with the linear 
law, thus exhibiting a somewhat “drooping” 
characteristic with the load. One can, therefore, 
assume that instead of g@,, the real characteristic 
is here of the form q6,—q36,*, where the coeffi- 
cient g3 is very small as compared to g which, 
incidentally, enables us to dispense with the use 
of the small parameter y» explicitly. Since the 
term q6, has already been taken into account in 
the preceding equations, we have 


f(, On) =f( 6.) = —qsbr’. (23) 
Taking 


6, = aw cos(wt +8 — ¢) = aw cos(y—¢) 


and replacing it in (21) with the form (23) for f, 
one obtains, after the averaging the following 
expression, 


da a(p+qcos¢) 3 
— = ———_———__ +—-q30*w* cosd. (24) 
dt 2 8w 


The stationary amplitude a,, is thus given by 
the expression 


sr = (1/e,)(4(p + Ccosdsr)/3q3 COSdsr)'. (25) 


Since cos¢? is always negative, the stationary 
amplitude can exist only when the quantity 
p+ q cosd,, <0, that is, when the phase angle ¢,, 
is in the sector of self-excitation. 

It is interesting to note that for g=q,; and 
for the linear case (¢;=0) the stationary am- 


_ plitude given by (25) is indeterminate since 


p+q: cosd;=0. In fact, in such a case the system 
becomes an ordinary harmonic oscillator capable 
of oscillating with any amplitude, depending on 
the initial conditions. In the non-linear case, on 
the contrary, the stationary amplitude is deter- 
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mined uniquely by the parameters of the system 
and does not depend on the initial conditions.’ 


4. STATIONARY AMPLITUDE AND PHASE ANGLE 


The problem reduces to the calculation of the 
stationary amplitude a,, from (25), but since this 
expression depends on the stationary phase 
angle ¢,,, it is necessary to determine first the 
latter. Setting ¢,-=¢:1+A¢,,, where Ad¢,, is the 
stationary phase-angle correction, it is clear that 


Ad., = Ad+ 49, (27) 
where Ad = /hAw is given by (14), viz.: 


Ad = thm*(qi? — pi”) 'Agq/ 
qi(m*+2hpm?+h*q,"), (28) 


with Ag>0. This component correction A¢ is, 
therefore, the phase shift in the linear problem, 
as was explained in Section 2. The other com- 
ponent, 6¢, is the non-linear phase correction 
which can be calculated from (22). Carrying out 
the averaging with f given by (23), and intro- 
ducing a new variable y=wif+ 8, one obtains the 
following expression 


— =2(a) =0+3] ———+4 sing 


dy [== 
dt w 


— 3qs sing-a°s'| =w+ dw. 


In this expression Q(a@) is the non-linear fre- 
quency which becomes stationary if a=d,,. 

Replacing in this equation w by w:+Aw, one 
obtains 





h wo"? — (wi +Aw)? 
nol 


ores +(qit+Aq) sin(¢:+A¢) 


— $430sr?(wit+Aw)? sin(d: +36) 


The quantities Ag, Aw, and A¢g=hAw will be 
considered as small and of the first order, and 
the calculation is carried out only to that order. 
This gives 


(wo? +w1”) 
240 = a4] - ae 


w1" 


+hq: sind (29) 


7 Andronow and Chaikin, reference 3, Chapter V; also 
N. Minorsky, reference 4, Chapter IV. 
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The same procedure applied to (25) gives 


Corr (4/3w,?) (Ag/qs canal Adsr(qi/o) tan¢;) ’ 


that is, 


(3/4)qsw17ds,” = Aq(1i —_ (Ads,/Aq)qi tand@,) ? (30) 
where 


(Ads, /Ag) = (Ad+ 5) /Ag 
= (Ad/Ag) + (6¢/Adsr) (Agsr/Agq), 


so that 
(A¢.,/Aq) - (A¢/Agq)L1 — (d¢, ‘Adsr) J. 


Replacing the last expression in (30) and A@d/Agq 
from (14) one obtains the following expression 


Qasr = (1, ‘w1) [ (4Aq/3qs) 
X (1—(Ag,,/Ag)qi tang: }', (31) 


where 


Ads, 2hpm? sing, 


- ae —., (32) 
Aq (m‘*+2phm?+h?q,")(2p+m?p+hq,’) 


If one substitutes (32) into (31), one notes that 
sing; tan¢?:<0 for any ¢; in the sector of self- 
excitation so that the parenthesis in (31) can be 
written as (1+?) and (31) becomes 


Aer = (1/w1)[(44g/3qs)(1+~7?) }*, (33) 


where y?= —[(A¢,,/Ag)qi tang; |. Equation (33) 
gives the stationary amplitude in the first ap- 
proximation as a function of harmonic values 
(w1, 1,91) and constant parameters (wo, h, p). 
It is seen that a,, exists only if Ag>0. On the 
other hand, as was shown by Eq. (13), the same 
condition Ag>0 results in the appearance of an 
unstable singularity. Thus we find the familiar 
features of the bifurcation theory of Poincaré* 
viz.: for Ag <0 the singularity is stable and there 
is no limit cycle; for Ag>0O the singularity is 
unstable and the limit cycle exists ; the threshold 
q=q: (i.e., Ag=0) is the bifurcation value of the 
parameter q. 


5. SELF-EXCITATION AND STABILITY 


If the self-excitation develops from rest, ini- 
tially a=a 90, so that the second term on the 
right side of (24) can be neglected and the 


8 H. Poincaré, reference 3; also N. Minorsky, reference 4, 
Chapter V. 
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integration yields 


a= ay exp[ — 3(p+q cos¢)t]. 


The oscillation can start from rest only if 
p+q cos¢<0. Replacing in this expression g by 
qitAgq, ¢ by ¢:1+A¢, and proceeding as before, 
one obtains 


da/dt = (ao/2)[ + (qi? — p*) Ae+ (p/qi) Aq]. 


If sing:>0 one has to take the plus sign before 
the square root, and if sin¢:<0, the minus sign 
must be taken. In the first case for Ag>0, Ag>0, 
and in the second for Ag>0, A¢<0, so that in 
both cases (da/dt)a=a9>0. If, however, Ag <0, in 
both cases (da/dt)a=a,9<0 so that there is no 
self-excitation. 

Finally, in order to ascertain whether the 
stationary amplitude is stable, it is necessary to 
differentiate the right-hand side of (24), viz.: 


¥(a) = —(a/2)(p+q cosd) + (3/8w)gsa*w* cos¢, 


with respect to a and to substitute a=a,, after 
the differentiation. If p.(a.-)<0 the stationary 
amplitude is stable; if ~.(a.-) >0, it is unstable. 
In this case one has 


Wa(Gsr) = p +q COSds, <. 0. 


The limit cycle is, therefore, stable. This is also 
in agreement with observation which shows that 
these oscillations develop from rest and are 
stable. 


6. CONCLUDING REMARKS 


It may be of interest to say a few words con- 
cerning the physical nature of these phenomena. 
It was shown that the “harmonic threshold” 
separating the zone of self-excitation from that 
in which no self-excitation exists is given by (8) 
or, graphically, by CA and OB in Fig. 2. Since 
the constant p is a measure of the dissipative 
moment and g cos¢ is the in-phase component of 
the external moment, condition (8) means that 
the dissipative moment is just balanced by this 
in-phase component of the external moment so 
that the system behaves as a harmonic oscil- 
lator. 

A condition of this kind is well known in 
connection with electron tube circuits, for ex- 
ample, the case when the feedback in a regenera- 
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tive amplifier is increased to a critical value at 
which the system is on the threshold between the 
amplifier and the oscillator actions. At this 
threshold the system is not yet self-excited, but 
if the oscillation is started by some impulse it 


will, at least theoretically, persist indefinitely 
with a constant amplitude. 

If the value of the parameter is increased 
above the harmonic value g=q:, more energy is 
communicated to the system than it can dissipate 
initially. The amplitudes will grow until the 
average balance per cycle between the energies 
absorbed and dissipated is ultimately established. 
The amplitude at which this balance occurs will 
then become the stationary amplitude. This ulti- 
mate balance is possible only in the case when 
the system is non-linear; for a linear system no 
such balance exists for any amplitude, however 
large. For this reason any self-excited system 
which ultimately approaches a stationary state is 
necessarily non-linear. If the non-linearity is 
very small and the system is self-excited, the 
stationary amplitude is large, as is seen from (24). 
Physically this means that the amplitude will 
increase up to a sufficiently large value for which 
the average balance per cycle between the 
energies absorbed and dissipated is reached. In 
view of this it would be erroneous to attempt to 
reduce the non-linearity of a self-excited system 
with a view to eliminating these parasitic oscilla- 
tions, since this merely increases the value of the 
stationary amplitude, as is apparent from (25). 





A correct procedure is to prevent the occurrence 
of self-excitation in general. 

These considerations apply to the mechanical 
self-excited oscillations studied here as well as to 
similar oscillations in electron tube circuits. 
There exists, however, an essential difference 
between these two classes of non-linear oscilla- 
tions. A great majority of electron tube circuits, 
at least those which do not exhibit quasi-discon- 
tinuities at some points of their cycle, are re- 
ducible to the differential equation of van der 
Pol. This means that for » very small the self- 
excited system oscillates with a frequency not far 
from the natural frequency of the system. In our 
case for very small y» the self-excited oscillations 
stabilize around a frequency w;, which may be 
far from wo, but generally depends on wo as well 
as on three additional parameters p, g, and h. 
This results from the fact that for .=0 the 
differential equation does not reduce to the 
equation of a simple harmonic oscillator with 
frequency wo, as is the case for equations of the 
van der Pol type, but reduces to a more compli- 
cated equation with a transcendental charac- 
teristic equation, as was outlined in Section 2. 

The writer is indebted to Dr. E. Pinney, 
University of California, for valuable discussions 
of this matter. 

This work was carried out under research pro- 
grams of the Bureau of Ships (D. Taylor Model 
Basin) and the Office of Naval Research, Navy 
Department. 





Erratum: A Magnetron Resonator System 


[J. App. Phys. 18, 1098 (1947)] ~ 


E. C. OKRESS 
Electronics Engineering Department, Westinghouse Electric Corporation, 
Bloomfield, New Jersey 


HE left-hand captions in Tables I and II should read “ratio of final to initial parameter”’ 


instead of the sequence indicated. 


In relations (6a) and (6b) the unidentified coefficient 
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Epwin A. GOLDBERG AND GEORGE W. BRown* 


An Electronic Simultaneous Equation Solver 


Radio Corporation of America Laboratories, Princeton, New Jersey 
(Received August 5, 1947) 


An analogy device for directly solving simultaneous linear equations (without resorting to 
successive approximation methods) is described in this paper. It utilizes a number of high gain 
amplifiers interconnected by networks whose elements bear definite relationships to the known 
coefficients and constants of the system of equations. The stability criterion for such a system, 
and its application to an equation solver are described. Since the device produces the answers to 
a system of equations without delay, it is readily adaptable to problems of synthesis as well as 


those of analysis. 





HE solutions of many problems which arise 
in the field of engineering necessitate the 

solving of systems of linear simultaneous equa- 
tions. Systems involving up to three equations 
can normally be solved quite readily by straight 
elimination methods. These methods become 
quite cumbersome, however, when the number 
of equations exceeds three. An electronic device 
which will solve systems of equations up to ten 
in number has been constructed at RCA Labora- 
tories, and will be described in this paper. The 
principles employed can be used to construct a 
device for solving systems of any number of 
simultaneous linear equations, and the same 
basic circuit design as employed in the ten 
equation solver can be used practically in devices 
for solving up to about twenty-five simultaneous 
equations. 

The basic principle employed in the equation 
solver is quite simple. 

Figure 1 is a block diagram of a device for 
solving a system of two equations. The system 
to be solved is as follows: 


Y,=41-1X1+41-2X2, (1) 
Yo=21X1+2_2X2. (2) 


The values of the Y’s and a’s are known, and 
it is desired to determine the values of the X’s. 
Assume that the output voltages of the two 
amplifiers are X,; and Xe, respectively. These 
output voltages are divided by potentiometers 
set proportional to the a’s, and their outputs fed 
back to the amplifier inputs through resistors of 
value R. The output of a signal generator (1000 


*Now with the Statistical Laboratory, Iowa State 
College, Ames, Iowa. 
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cycles in the actual model) is applied to potenti- 
ometers P,;, Po, and P3. The ratios of potenti- 
ometers P; and P» are set proportional to the Y, 
and Y» values. P3; is used in a bridging circuit to 
facilitate very accurate measurement of the 
answers. The value R is very large relative to 
the potentiometer resistances, so that loading 
effects will be negligible. ¢; and €2 are the input 
voltages of amplifiers No. 1 and No. 2, respec- 
tively. —G is the gain of the amplifiers. The 
equations for the system are as follows: 


a;_1X +a 1—24 vo Y, 








- (3) 
3 
d21X 1+422X2— V2 
€2=> ’ (4) 
3 
X:=-Ge, (5) 
X= — Geo. (6) 


Substituting (5) and (6) into (3) and (4), and 
transposing, the equations for the system be- 
come: 


3 
Y= (ast) Xit0s-oXs, (7) 
G 
3 
Yo=d21X1+ (a: st-)Xe (8) 


If the factor 3/G is made negligible relative to 
the diagonal terms a,_; and d2_2, or if the value 
3/G is subtracted from the diagonal terms, (7) 
and (8) become identical to (1) and (2). In 
practice, 3/G is made very small by using high 
gain amplifiers so that it may be neglected, and 
so that minor variations in amplifier gains will 
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not affect the accuracy of solution. The values 
of X, and X» are measured accurately by com- 
paring their values against the signal generator 
voltage by means of balancing the measuring 
bridge with P; and reading the value of the 
setting of P;. X, and X2 could be measured some- 
what less accurately by measuring the voltage 
outputs of the amplifiers with voltmeters. The 
level of the signal generator would then have to 
be accurately adjusted to insure accuracy. 

Provisions for handling negative quantities 
were not included in Fig. 1. Negative quantities 
are taken care of by providing push-pull out- 
puts for the signal generator and amplifiers, and 
making provisions to switch the potentiometers 
to either output side. 


STABILITY 


The problem of stable operation arises when- 
ever feedback is applied to an amplifier. Since the 
equation solver is a system of amplifiers with 
multipath feedback, the stability problem may, 
in some cases, become quite troublesome. This 
problem has been thoroughly investigated, and a 
brief description of the investigation and results 
follows: 

For an m equation system, the equations for 
the response of the system are as follows: 


n+1 
¥i= (a+ = )Xitas-aXs 
G(P) 
oa eee +41 nX vn, (9) 


| - =On1X 1 +n_2X 2 


n+1 
+ a +(a. at Xe 


G(P) 
Let 
n+1 
——_ = —}, (10) 
G(P) 


' where G(P) is the gain characteristic! in operator 
form, and (9) becomes 


Y,= (a, 1—A)Xit+ta, 2X e+ + © 9@s ~~ om 


(11) 
| A =An_1X1tdn-2X 9+ ales: (dy- n —v)Xa. 


‘The mathematical expression relating the gain (phase 
and magnitude) and angular frequency, w. To obtain the 


- ay form, replace every jw by the differential oper- 
ator P. 
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Fic. 1. Block diagram for a two equation computer. 


The determinant itself is the only factor in 
the system which need be investigated. It is, 


|(@,;-1—A) @1~2°° *Qi-n | 
. l. (12) 
| An-1 Qn-2°° ee 


The exponents of the terms in the indicial 
admittance (response to a unit step) will be the 
values of the P’s in Eq. (10) if (12) is set equal 
to zero, solved for \’s, and the \’s substituted in 
(10), and (10) solved for P’s. If any one of the P’s 
has a positive real part, the system will be un- 
stable, since a small impulse will cause a re- 
sponse which will increase in magnitude as time 
increases. 

The amplifiers employed were so designed that 
their phase shift did not exceed +90° unless the 
gain were less than unity. With such a design, 
the system will be stable as long as all the \’s 
(known as the characteristic roots) have positive 
real parts or zero real parts. This condition is 
fulfilled by the equations for stable electrical 
networks if they are written down in a mesh 
order such that the resulting determinant is 
symmetrical about the diagonal, and a very 
large class of equations encountered in other 
physical problems. 

The characteristic roots of a system are 
changed if rows or columns are interchanged, or 
if one or more rows or columns is multiplied by 
a constant. An unstable configuration is immedi- 
ately evident upon examining the cathode-ray 
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tube bridge balance indicator, which will indi- 
cate circuit oscillation with no input. 

Equation solver circuits which become un- 
stable when a determinant is inserted may always 
be made stable if the variables are all finite. 
Using matrix notation, the system of equations, 


VY, =4@1-1X 14+) 2X e+: + +1 -nXn, 
; (13) 
Yy, = An—1X 1 ty 2X ot: + Ann X ny 
may be represented by, 
Y=A:-X. (14) 


The values of the characteristic roots of A 
specify the condition of the system with respect 
to stability. These may be made positive real 
by performing the following operation to obtain 
a new determinant, 

AA, (15) 


where A“ is A with rows and columns inter- 
changed. The system of equations then becomes 


A"VY=A"AX, (16) 


and this system will always be stable. This 
transformation may be readily done on a desk 
calculator. 

The above operation may be done without any 
calculation if the number of equations involved 
does not exceed half the number the equation 
solver can normally handle. The Y vector, 
A matrix, and the —A“ matrix are set in the 
equation solver as follows: 


0 I -A* 


(17) 
y/ \a 0 


and the answers read as before. J is a unit 
matrix, and 0 is a zero matrix. Normally, the 
results are very insensitive to —A“, J, and the 0 
vector above the Y vector, except in borderline 
cases. The operation above could be done in one 
operation by ganging appropriate controls in an 
equation solver which would be stable regardless 
of the manner in which the equations were set 
up on it. 
OPERATION 


Unity is the largest value for a coefficient (a) 
or constant term (Y) that may be set in the 
equation solver. A system of equations must be 
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reduced accordingly before being set up in the 
computer. 

A system of three equations, as follows, will 
be used to illustrate the process of reduction. 


Yy=1-1X14+01_-2X2+41_3X3, 
V2=@2_1X 1+2_2X 2+2_3X3, (18) 
V3=3_1X1+3_2X2+3_3X3. 


The determinant of the above system is 


| 


Qi-1 Q-2 441-3 
d2-1 Qe22 42-3}. (19) 
Q3-1 Q3-2 43-3 


The constant terms are 


Y; 
Y2 (20) 
Y3. 


In order to realize the best direct results from 
the instrument, proceed according to the follow- 
ing outline: 

Answer multiplier 
to make results 
Step check original 
number Operation equations 


1 Multiply both sides of each Step 1 hasnoeffect 
equation by the same con-__ on the X’s. 
stant so that the largest 
coefficient (an a) in each 
equation becomes 1 (or 
slightly less). 


2 Multiply each column of Multiply value ob- 
coefficients (in the determi- tained for X; by 
nant) by aconstant (Ki for Ky, X2 by K:etc., 
column 1, Kz for column 2, to satisfy original 
etc.) so chosen that the equations 
largest coefficient in each 
column becomes unity (or 
slightly less). Note: This 
step is not essential, but is 
frequently worth while since 
it has a tendency to make 
the instrument operate at 
the optimum scale factors 
and thus produce most ac- 
curate direct results. 


3 Multiply the column ofcon- Divide all values 
stants (Y’s) by a factor (F) obtained for X's 
such that the largest Y be- by F to satisfy 
comes unity (or slightly original equations. 
less). 


Having reduced the system to a suitable form 
for the equation solver, coefficients of the X’s are 
set on the dials. The X switch is set to X,, and 
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Fic. 2. Basic schematic of push-pull output stage. 



































the cathode-ray tube observed. If the pattern 
indicates stability (no oscillation) then the con- 
stant terms (Y’s) may be set on their dials, 
signal introduced, and the answers read by 


setting the selector switch to the desired un-_ 


known, balancing the bridge for minimum verti- 
cal deflection, and reading the answer. A pre- 
caution to observe is not to introduce enough 
signal to cause overloading of any amplifier. 
Overloading can generally be detected from the 
appearance of distortion in the balanced pattern. 
The signal level at which the balances (value of 
the unknowns) change with level is the level 
where overloading occurs. 

If it is not possible to obtain a balanced condi- 
tion for an unknown, its value is larger than ten. 
The procedure to follow in such a case is to 
reduce all the constant terms (Y’s) by a factor C, 
and multiply the results by the same factor. 

Should circuit instability be present (oscilla- 
tion) with the determinant set up, the cause is 
due to the presence of one or more characteristic 
roots with negative real parts. Before proceeding 
further, this unstable condition must be remedied. 
This may be done by interchanging rows or 
columns, changing the sign of one or more 
equations, or by more drastic means (which will 
always work) such as multiplying the matrix by 
its transpose to obtain a positive definite de- 
terminant. Normally, the equations should be 
arranged so that the diagonal coefficients are the 
largest ones (if possible) and have positive signs. 
This does not necessarily insure that all roots 
-will have positive real parts. 

For systems of equations of five or less, stable 
operation may be insured by setting the matrix 
and its negative transpose in the solver as 
follows. The system of three equations will be 
used for the example. 
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‘Con- Coefh- 
stants cients 
0 1 0 0 —QA,_1 —de2, —d3_) 
0 O 1 0 —@Qi-2 —Qe2 —@3-2 
0 0 0 1 —Q\-3 —de23 —d3_3. (21) 
VY, @y-1 Qy2 Qy~3 0 0 0 
Vo Go) de» Ae_3 0 Q 0 
Y; Q3-1 G3-2 @3-3 Q Q 0 


The results would then be measured in the 
normal manner. This system will always be 
stable, but the precaution regarding prevention 
of amplifier overloading should be observed. 

Accuracy obtained depends upon the nature of 
the system of equations, as well as the charac- 
teristics of the equation solver. Should all the 
characteristic roots of the determinant be in the 
neighborhood of unity or larger, the results 
obtained would depend mainly upon the com- 
ponents in the equation solver, in which case the 
results would satisfy the individual equations 
within about one-tenth percent. If the determi- 
nant has some small characteristic roots, some 
of the results will be poorly defined. This is 
not the fault of the equation solver, but is an 
inherent characteristic of the system of equa- 
tions. Such cases where the results are poorly 
defined indicate that physically, values of the 
poorly defined unknowns may vary considerably, 
yet satisfy the equations fairly well. 

Essentially unlimited accuracy may be ob- 
tained if an iteration process is employed. The 
process is as follows: 


1. Set up equations and solve for unknowns (X’s) in the 
normal manner. 

2. Substitute the values obtained for the X’s into the 
original equations. Take the difference between the values 
thus obtained and the values the equation should have 
(Y’s). Call these differences AY;, A Yo, etc. 

3. Change the Y dials only to KAY,, KAY2, etc. (K 
generally being 100 or 1000 and chosen to utilize as much 
scale factor as possible) and measure KAX,, KAX2, etc. 

4. Add AX,, AX2, etc., to X1, Xo, etc., to obtain corrected 
values for the answers. If still higher accuracy is desired, 
repeat the process. 


The following example should clarify the 
process described above : 
Equation to be solved : 


I. 1 = 1X,+0.4X.+0.1X3, 


Il. O= —0.9X,+1X2+0.4X3, (22) 
Il. O= —0.2X,—0.4X2+1X3. 
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Direct solution obtained from equation solver. (Superscripts denote number of iterations which 
have taken place.) 





X = +0.753, X2°=+0.531, X;°=+0.363. (23) 
Checking the equations by substitution 
J II II] 
1X,=+0.7530 —0.9X,=-—0.6777 —0.2X,=—0.1506 
0.4X.=+0.2124 1X2.=+0.5310 —0.4X2.=—0.2124 (24) 
0.1X3= +0.0363 0.4X;= +0.1452 1X3= +0.3630 
"7° = +1.0017 V."= —0.0015 Y;°= 0.0000 
Yi,= 1.0000 Y2= 0.0000 Y;= 0.0000 (25) 
AY,°= —0.0017 AY.°=+0.0015 AY,;°= 0.0000 
Let A =100, and set 
KAY,=-—0.17, KAY2=+0.15, KAY;=0.00, (26) 


in place of the original Y’s in the equation solver, and solve for the corrections to be added to the 
first X’s obtained. The values obtained for the correction terms are 








AX,’ =—0.00171, AX.’=+0.00007, AX;’ = —0.00031, (27) 
and the corrected values become 
X ° = +0.75300 Xo = +0.53100 X3° = +0.36300 
AX,’ = —0.00171 AX,.’=+0.00007 AX,’ = —0.00031 (28) 
Xy=+0.75129 Xo’=+0.53107 _Xy/= 0.36269 
The corrected values for the X’s may now be checked. 
I I] II] 
X=+0.751290 —0.9X,)’= —0.676161 —0.2X,;= —0.150258 
0.4X 2’ = +0.212428 1X.’=+0.531070 —04X.= —0.212428 (29) 


+0.4X3= +0.145076 +1X;= +0.362690 











0.1X3’ = +0.036269 








Y,/= 0.999987 Y,’= 
The errors in the results after one iteration for 
the above system of equations are 


AY,’ = 1.000000 — 0.999987 = +-0.000013, 
AY.’ =0.000000 — (—0.000015) = +0.000015,(30) 
A Y;’ =0.000000 — 0.000004 = — 0.000004. 


The iteration process could be repeated again if 
still higher accuracy were desired. For most 
engineering problems, the direct-answers (super- 
script 0) are normally accurate enough. The 
iteration process goes very rapidly when higher 
accuracy is desired, especially if a standard desk 
calculator is available. 
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— 0.000015 


0.000004 


Y;’ = 


Higher direct accuracy could be obtained if a 
bridging system and an accurate four-dial decade 
were used for adjusting the values of the coeff- 
cients. It is felt that this is not worth while, 
however, since iteration goes very rapidly, and 
much better accuracy is obtained after only 
one iteration than could be obtained with the 
bridging system for setting coefficients, and also 
since it would take a considerably longer time 
to set up the equations on the solver with the 
bridging system rather than with the direct 
reading dials. 

The results are always present in the form of 
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voltages. A bank of meters could be employed 
to give a continuous indication of all the answers 
simultaneously. This feature would be very useful 
in certain types of problems where it is desirable 
to note the effect of varying certain coefficients 
and constants on all the results. 

Simultaneous equations with complex con- 
stant and coefficient terms may be solved by 
breaking the system up into a system of twice as 
many real equations by equating real and 
imaginary parts separately. For example, the 
following two equations with complex parts may 
be solved by converting them to a system of 
four equations. 


Uitjvi = (Qy-1+jbi_1) (X14+jZ1) 
+ (d;-2+jbi_2)(X2+JjZ2), 


U2t+jV2= (d2_-1+-jb2_1)(X14+j2Z1) - 
+ (d2_2+jbe _2)(X2+jZ2). 
The above equations become 
Uy =X 1 — by Z1 +1 2X2—b1-2Z2, 
Vi=d, 3X y+a1Z14+), 2X 2e+d1_2Z2, (32) 


Ue =421X 1 — b2-1Z1+02_2X 2—b22Z2, 
Vo = b21X 1+ 2121 +b2_2X 2+2_2Z>. 


Fic. 3. Front view of a ten equation computer. 


344 








A.C. circuit problems are of this general nature. 
Problems involving linear passive networks will 
always result in a system of equations which will 
be stable on the equation solver if the original 
equations with the complex coefficients are 
written in the mesh order mentioned in the sec- 
tion on stability. 


CIRCUIT AND COMPONENT FEATURES 


Each of the components in the main network 
is of +0.1 percent accuracy. The summing re- 
sistors are 500,000 ohm +0.1 percent wire 
wound, and the potentiometers are 1000-ohm 
micropots with a guaranteed linearity of +0.1 
percent. Positive and negative values for coefh- 
cients and constants are provided for by making 
all amplifier output circuits push-pull. This is 
conveniently done by utilizing output stages 
with equal impedances in the plate and cathode 
circuits. Figure 2 illustrates this circuit. Each 
micropot is accompanied by a matching resistor 
of equal total value. A four-pole, double-throw 
switch is used for either (a) inserting the micro- 
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Fic. 4. Rear view of a ten equation computer. 
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pot in the cathode circuit and the matching 
resistor in the plate circuit (positive coefficient 
or constant), or (b) inserting the micropot in 
the plate circuit and the matching resistor in 
the cathode circuit (negative coefficient or con- 
stant). This combination exists for each coeffi- 
cient, constant, and the bridging circuit for 
measuring the X’s. There are 111 such combina- 
tions in the equation solver for ten equations. 

In order to utilize the system just described 
for making available accurately balanced push- 
pull signals, a very highly regulated power supply 
(extremely low internal impedance) was re- 
quired. The unit incorporated has a dynamic 
impedance at the operating frequency (1000 
cycles) of about 0.0001 ohm. For other fre- 
quencies, it is somewhat greater, but is still 
extremely low over an extremely wide range. 

Compensation circuits to correct for the fact 
that most micropots cannot be set for zero out- 
put, and do not have the same electrical travel 
for 3600° mechanical travel were incorporated. 
Since the corrections required for these items 
were small in all cases, carbon resistors were 
used in the compensation networks. 

The networks for each equation are assembled 
on different panels which may be individually 
removed. Each amplifier is mounted in an indi- 
vidual hinged shield can so it may be removed 
without disturbing anything else. All units are 
thus readily accessible for easy servicing in case 
a failure of any kind develops. Presence of 
possible trouble is readily detected upon checking 
the answers to a problem. Trouble can be very 
easily located by a very simple procedure, and 
normally remedied very quickly. Failures which 
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have occurred with the laboratory model have 
been mainly a result of faulty tubes. These 
instances have been few. 

Figure 3 is a photograph of the front side of 
the equation solver. The top panel contains 
(center—left to right) the following: signal am- 
plitude control, vertical gain control, horizontal 
gain control, cathode-ray tube bridge balance 
indicator, unknown (X) measuring control, un- 
known (X) selector switch, and unknown (X) 
multiplier. Above these controls are located 
screwdriver adjustments for centering, bright- 
ness, focus, and bridge phasing. The, next ten 
panels contain the controls for setting the con- 
stant (Y’s) and coefficient (a’s) terms of each 
equation. A power switch, fuse, voltmeter, and 
switch for connecting the voltmeter to any one 
of the power supplies occupy the lowest panel. 
Dials representing the constant terms (Y’s) have 
white circles painted on them, while those repre- 
senting the diagonal coefficients (a;_1, d2_2, @3_3, 
etc.) have red circles. The lever switch under 
each dial is used for setting the sign of the 
constant or coefficient term. 

Figure 4, a rear view, illustrates the disposi- 
tion of the signal generator and bridging circuits, 
amplifiers, and power supplies. Three of the 
amplifiers are swung out to expose the rack 
wiring. 
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Surface Waves from an Underwater Explosion 
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A general expression has been derived theoretically for the pressure due to surface waves 
produced by an underwater explosion. The integrals involved have been evaluated in terms of 
dimensionless variables over a range of practical interest. A specific formula is given for the 
pressure on the bottom of the water due to the first pulsation of the gas globe from a TNT 


explosion originating also on the bottom. 


ONSIDER a surface wave generated by an 
underwater explosion.! The effect of the 
shock wave is assumed to be negligible so that 
the sole source is the pulsating gas globe, which 
has a volume V(f) at the time ¢. This gas globe, 
assumed to be spherically symmetric, as a first 
approximation, will migrate under the influence 
of gravity and of the neighboring surfaces. Let 
ze(t) (compare Fig. 1) designate its position 
above the bottom. It is required to find the flow 
for infinite water of uniform depth h/ above a 
rigid bottom. 
Let P be a point (Fig. 1) with cylindrical polar 











coordinates r, 9, z. Then the conservation of mass 
requires that the divergence of the material 
velocity q(r, 6, z, 4) of an inviscid, incompressible 
fluid with uniform density p, vanish everywhere 
except at the source (equation of continuity), i.e., 
V-q=0. 
If the flow is further assumed to be irrotational, 
then the velocity, q, is the negative gradient of 
a velocity potential, (7, 0,2, /), and Laplace's 
equation results from the above one, i.e., 
vb =0. (1) 


In addition, the function ® must satisfy two 





TABLE I “ss : 
boundary conditions: At the fixed bottom there 
W (tb.) is no component of the velocity normal to the 
h (ft.\ 300 1200 2100 6600 a 
ra L L L surtace, 1.e., 
25 24.21 , a — OP 0z=0, 2=0. (2) 
30 23.55 ‘ ‘ 
35 22.96 36.45 At the free surface the pressure p, is uniformly 
40 22.43 35.60 F . tn! or OE aces —_— cas a 
atmospheric. The effect of this condition is seen 
45 21.94 34.82 41.96 Asati lage . 
50 21.49 34.11 41.10 by a consideration of the Eulerian equation of 
55 21.07 33.45 40.31 59.04 : me 
aa. ih ae motion, v2z. 
60 20.68 32.84 39.57 37.96 —_— 
70 19.99 31.74 38.25 56.02 “ y 
80 19.39 30.77 37.08 54.32 (dq/dt) ++q-Vq= —V(gz) —(1/p)Vp, 
90 18.84 29.92 36.05 52.81 ; ee 
100 18.36 29.15 35.12 51.45 Pase II, 
110 17.92 28.45 34.28 50.22 = = — = - 
120 17.52 27.82 33.52 49.10 we) 
——— Ss... _ h (ft.)\, 300 1200 2100 6600 , 
—==———— T T Tt T T T T T 
* Now at the California Institute of Technology. 25 0.8741 0.9920 
** Now - sate . » White Oak 30 © 0.8575 0.8883 — = 
us a at the Naval Ordnance Laboratory, White Oak, = fae See ome 1am ‘ 
ee , . <a 40 0.8065 0.7236 1.170 1.050 
‘The theoretical treatment is an application of the 45 0.7790 0.6590 1.143 0.9666 1.319 1.116 
-standard procedure for surface waves (see H. Lamb's 500.7522 0.6037 1.112 0.8926 1.292 1.037 7 
Hydrodynamics, 6th edition, Chapter IX). It has already 4 yond pyar = — = — 1653 1.211 
been briefly reported in J. G. Kirkwood’s ‘Memorandum 70 0.6571 0.4457 0.9909 0.6721 1.163 0.7885 1.589 1.073 
he i Wwe ' 80 0.6168 0.3913 0.9356 0.5936 1.102 0.6991 1.519 0.9639 
pone \ m Br (Undex = oe waves by an saa 90 0.5810 0.3475 0.8859 0.5209 1.046 0.6254 1.452 0.8635 
explosion (Undex 94). The present report embodies also 100 0.5492 0.3116 0.8414 0.4774 0.9943 0.5642 1.388 0.7878 
certain suggestions made by R. J. Finkelstein, J. von 110 0.5209: 0.2818 0.8005 0.4331 0.9479 0.5129 1.329 0.7193 
Neumann, and F. J. Weyl of the Navy Bureau of Ordnance 120 0.4954 0.2566 0.7632 0.3953 0.9059 0.4693 1.274 0.6597 
Research Group on the theory of explosives. <= —=—=—=—== 
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where (gz) is the gravitational potential and 
p(r, 0,2, t) is the fluid pressure at a_ point. 
Integrating with respect to the coordinates and 
neglecting the square of the speed q, we obtain 


— (db/dt)+g¢z+ (p/p) =0, (3a) 


where an arbitrary integration function of ¢ has 
been absorbed in d@/dt. Including in it also the 
constant pa/p on the surface, we have, to the 
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same order of approximation, for a small dis- 
turbance of the free surface 


—(d@/dt)..,+g2=0, free surface. 
Now kinematically the velocity of the fluid 
normal to the surface must be the same as the 


normal component of the surface velocity so that 
approximately (to first-order terms) 


— (d@/dz)..,=(02/dt), free surface. 
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Differentiating the preceding equation with re- 
spect to ¢ and substituting for dz/dt, we obtain 
for our second boundary condition 


(0°b/dt?)+g¢(db/dz)=0, zs=h. (3) 


Suppose ,(r,z,t) is the cylindrically sym- 
metric velocity potential for the case of a bottom 
only, i.e., no free surface. Then 

id Vy 1 
$,=— —} —_____ 
4n dl | (r?+-(2—zp)?)! 
| 


- , (4a) 
(r?+ (s-+-)2)3) 


where dV/dt is the strength of an assumed 
simple source, i.e., a point source with uniform 
radial flow. Let #,(r, z, t) be the additional term 
required for a free surface to be satisfied also. 
Thus, 

d=$,+9,. (4) 


Inasmuch as ®, satisfies Laplace’s equation sub- 
ject to the condition of the fixed bottom, it 
follows from Eqs. (1) and (2), respectively, that 


V6, =0, (1’) 
and 
ab,/dz=0, 


z=0. (2’) 
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Substituting the expression (4) for ® in Eq. (3), 
we have 

0’, da, Oh, IPz 
2 eran en 
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z=h, 
or, upon substituting for @, the expression (4a), 
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We shall assume a Hankel transform f(R, z, /) 
for the cylindrically symmetric solution ®,(r, z, ¢), 
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namely, 


®,(r, Zz, t) =,1,(f(R, Z, t)), (4b) 


where 


T (F(R, 2, t)) ={ f(k, 2, t)Jo(kr)kdk, 


and Jo(kr) is the Bessel function of zero order. 
Substituting this expression for @, in Eqs. (1’) 
and (2’) and commuting operators, we obtain, 


respectively, 
af 
7(— -#f) =0, 
or? 


of 
(—) -" 
Oz zaz() 


Applying the inverse transformation and re- 
calling that iteration of this operator is equiva- 


rl 
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lent to multiplication by unity, we find 
(0° f/dz") —k?f=0, 
(0f/02).-0 = 0. 
These conditions are satisfied by 
f(k, 2, t) = K(k, t) coshkz. 


Substituting #, from (4b) also in Eq. (3’) and 
commuting operators, we have 
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where fy is some time prior to the explosion and 
A(k), a(k) are arbitrary constants of integration. 
Let the explosion take place at the time ¢=0. 
For all times previous to this instant ®,(r, z, 2), 
and consequently both A(k,?t) and A(k), must 
vanish. Therefore, 
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If the gas globe is stationary, i.e., zg constant, 
then from the expression (4a) for ®z 
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Integrating by parts, we find 
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Hence, the complete solution ® is given by 
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100 ' 1000 


The evaluation of the integrals involved in ® 
for an actual gas globe is straightforward, but 
lengthy. It is convenient to introduce, there- 
fore, a simplifying assumption, the value of 
which must be tested by analysis of the experi- 
mental data. If the period, 7, of the first pulsation 
of the gas globe is much less than the time 
interval after the explosion, it is reasonable to 
suppose that 


Vi)=V, OXt<r, 


where the constant V is some average volume for 


353 

















55+ 
t' 
$.0+ 
Gol r',0, t') Duration 
(Second Positive Phase) 
45 ~ 
oil ———- 
ad ae 
aii sate 
40+ we a 
aa 
Pa Fic. 3b. 
3.5+ / 
a 
J 
da 
3.0+ ° a 
TO) 4 
25+ 
T:co 

2.0 + + + t t + + t =p 

° 5 10 is 20 25 3u 35 40 45 r 50 

the period 7. Thus where 
ee ee ee. ff of a aa 
Co coshkz coshkze¢ Ge'g,r'(r’, 2’, ’) =Ge'e(r’, 2’, ') —Ge'el(r', 2,0 —7), 
O(7, s, t) =—V ,7,.—_———_ 
2a w cosh?kh and 
. . ~ , . J o / 
X |sinw!—sinw(t—7r)}, (4) oO ” cosh8z’ cosh6ze te 
Gz'z(r’, 2’, ')= — ——_————— cos f 
0 cosh? 


and from Eq. (3a) 


pg 
Ptr, Z, i= — pgz+ =) 


T 


V LT: 


coshkz coshkze 


cosh*kh 


{\coswi—cosw(t—r)}. (5 


uv 
— 


For computational purposes it is convenient 
to introduce dimensionless variables, namely, 
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and 
t’ =t(g, h)}, tr =1(g/h)}, w’ =w(h /g)}. 
Also put 
B=kh, 
then 
w’ = (8 tanhg)!. 
Hence, 


pz'n(r’, 2’, t') = — pghs’ 
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A problem of practical interest is the determi- 
nation of the pressure due to an explosion at the 
bottom (ze’=0). The function Go(r’, 0, t’) has 
been evaluated? numerically for r’ =5, 10, 15, 25, 
50, 500; the function Gpo(r’,1,¢’) [equal to | 
G(r’, 0, t’) ] has been evaluated for r’ =5, 10, 15, 

25, 50. 

The function Gz’g(r’, 0, t’) has apparently alter- 
nately positive and negative phases, as is seen in 
typical representations, Go(25, 0, t’), Go(25, 1, ¢’), 
G,(25, 0, t’) in Figs. 1a, b, and c, respectively. 
The maximum of Go(r’, 0, ¢’) for the first positive 
phase and that for the second one are shown for 
the several values of 7’ in Figs. 2a, 2b, respec- 
tively; likewise, the minima of the first two 
negative phases are given for corresponding 
values of r’ in Figs. 2c, 2d. The durations of 


2 These integrals have all been evaluated by the Mathe- 
matics Tables Project under the Applied Mathematics 
Panel of the NDRC; they are published in NavOrd Report 
No. 401. The authors are particularly indebted to G. 
Blanch and A. N. Lowan of that group. 
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the corresponding phases are represented in 
Figs. 3a, 3b (positive) and in Figs. 3c, 3d (nega- 
tive). The corresponding values for Go(r’, 1, t’) 
are plotted in Figs. 2e, 2f, 2g, 2h, 3e, 3f, 3g, 3h. 
It is to be noted from Fig. 4 that the maximum 
of the first positive phase occurs approximately 
at a time when a so-called shallow wave will 
arrive, i.e., t’=r’. It is also noteworthy that the 
maxima, minima, and zeros of corresponding 
phases of Go(r’, 0, t’), G(r’, 0, t’), and G,(r’, 0, t’) 
all have about the same values of ¢t’ wherever 


VOLUME 19, APRIL, 1948 


computed. (This fact seems to hold also for 
Gi(r’, 0, t’) where 0.1 < 7’ < 1.1.) 

In order to evaluate G:z’g,r’, it is necessary 
to know the period of the gas globe. The first- 
period 7 can be obtained approximately from the 
following expression® for a spherical globe in an 
incompressible, inviscid liquid bounded by a 





3“On the best location of a mine near the sea bed,’’ 
NDRC, AMP Report 37.1R, AMG-NYU No. 49, May 
(1944) and Appendix on “Bubble periods’ February 
(1945). Also “On the solution of the differential equations 
arising from a particular energy function,’’ Mathematica! 
Tables Project, March and October (1944). 
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rigid sea bed parallel to the free surface, and adiabatic, constant-volume heat of explosion, 


subject to atmospheric pressure (h,, in units of 
length) : 


3 ; 0.189L F(x) 
r= 1.4851 — ——) ( +), (6) 
22(h+ha) h 


where F(x) is a known function of x and 


, 


x=1-—22;,’, 
also 


3Er \ 
L= —-) : 
4x pg(h+hz) 
where Ex is the amount of residual energy in the 
gas and the liquid after the shock wave has 
passed. If Ex is assumed to be 50 percent of the 
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which has been computed‘ to be 1060 cal./g for 
TNT, then ZL can be expressed as follows in 
terms of the charge weight, W, where W is given 
in pounds and h in feet. 


Some values of Z of practical interest are given 
in Table I. The expression (6) for the first period 
of the globe is invalid when the distance of the 


* J. G. Kirkwood and S. R. Brinkley, Jr., ““A new theory 
of shock wave propagation with an application to the 
underwater explosion wave produced by TNT,” Division 2 
Interim Report 24 on “Underwater explosives and ex- 
plosions,”’ (1944). Confidential. 
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center of the globe form a bounding surface is — and 1.1 on the various figures (Figs. 2a, 2b, 2c, 2d; 
less than 1.2L. Nevertheless, in the absence of 3a, 3b, 3c, 3d; 4). 

any other information the value of the first One additional quantity is required for the de- 
period for zg =1.2L will be used heuristically for termination of the pressure pzz(r’, 2’, t’), namely, 
ze £1.2L. On this basis r and r’ have been com-_ the average volume of the gas globe. Thus the 
puted for various charge weights of TNT over a_ time average of the volume for the first period 
range of depths; these values are given in_ is given by 

Table LI. The function Gzz’,,r’(r’, 0, t’) can be PV =4e(a(t)}, 

readily obtained from the master function 

Gz'r(r’, 0, t’); its characteristic properties for where a(t) is the radius of the bubble at the 
different values of r’ are represented for 7’=0.1 time ¢. The dimensionless quantity a/L has been 


VOLUME 19, APRIL, 1948 357 








G. (r'1,t) Duration 
(Second Negotive Phase) 





40 


3.84 


30+ 


2.5+ 








Fic. 3h. 





calculated* for a globe situated in an infinite 
liquid with no free surface at a distance of 1.2L 
from a rigid wall. Using these values we find the 
average of [a(t) ]* over the first period to be 
0.4819. Thus we obtain 


V =49(0.4819)L*. 


If the explosive is on the bottom, its gas globe is 
about half of an oblate spheroid. Small-scale 
experiments indicate that its size is slightly less 
than that of the gas globe at a distance of 1.2L 
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5D. C. Campbell, “Motions of a pulsating gas globe 
under water,” David Taylor Model Basin Report 512, 
May (1943). Confidential. 
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from the wall. In view of the lack of sufficient 
quantitative information, however, the actual 
volume Vz on the bottom will be assumed here 
to be half of V. (In case of venting at the surface 
a better approximation is the volume of a cylinder 
of a height equal to the depth of the water and 
of a radius slightly less than the maximum 
spherical globe in an unbounded liquid.) 

Thus, we obtain finally for the pressure on 
the bottom due to the first pulsation from an 
explosion also on the bottom (see expression (5’)) 


bo(r’, 0, t’) = (pg/ 3h?) (0.4819) L°Go ,-(r’, 0, t’). 
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Expressing the pressure as p»’’(7’, 0, ¢’) in feet, 
we have for TNT 


W -Go,-/(r’, 0, t’) 
po’ (r’, 0, t’) =441— eae ea. mae 
h?(h+33) 


The maximum pressure p,’’(r’, 0, t’) for the first 
negative phase is represented as a function of 
the depth A for various values of the charge 
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weight W in Figs. 5a, b, c, d, e, f, corresponding 
to values of r’ equal to 5, 10, 15, 25, 50, 500, 
respectively. 

A comparison of these calculated values with 
experimental ones shows satisfactory agreement 
in consideration of the various approximations 
that have been made. It will be reported in 
detail elsewhere. 
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Calculation of the Temperature Development in a Contact Heated in the 
Contact Surface, and Application to the Problem of the 
Temperature Rise in a Sliding Contact 


RAGNAR HOLM 
Consultant at Stackpole Carbon Company, St. Marys, Pennsylvania 


(Received August 15, 1947) 


I. A circular area on a semi-infinite body is assumed to be heated at a constant rate from the 
time t=0 on. The development of the temperature in this area and in its surroundings is calcu- 


lated with certain simplifications. 


II. Ina sliding contact the heat generated by friction is limited at every point to the time of 
contact. The temperature reached by the contact surface is calculated by aid of Part I and with 
assumptions about the size of the contact surface, which are based on earlier investigations of 


the author. 


Observations on the temperatures in bimetallic sliding contacts, indicating the contact 
temperature rise by means of a thermoelectric current, are compared with calculations partly 
according to the deduced theory partly according to an earlier published theory by Jaeger. A 
fairly good agreement is found with one exception. 





HE development of the temperature in a 

constriction region heated by the electric 
current has already been treated.' In that case 
heat is generated in all points of the constric- 
tion region. The present problems are different 
insofar as the heat is generated only in the con- 
tact surface from which it dissipates into other 
parts of the contact members. A relatively simple 
solution is found by using similar simplifications 
as in reference 1, constituting the comparison 
with a problem with spherical symmetry. The 
cooling off after heating is finished is also ex- 
pressed. 

The heating problem, particularly the heating 
by friction, has been treated earlier by H. Blok,? 
J. C. Jaeger? and E. Madelung‘ without the 
kind of simplifications used by the present 
author. The mathematical methods were there- 
fore relatively heavy. Jaeger is the only one who 
has carried out the calculations into considerable 


‘See Electric Contacts by Ragnar Holm, (published by 
H. Geber, Stockholm, 1946). This book is denoted E.C.H. 
in the following. We here refer to §11. A short definition 
of the ‘current constriction” may be given as follows: We 
distinguish between the apparent and the real contact sur- 
face. The real contact surface usually is very small and the 
lines of flow of the thermal and the electric current starting 
in or passing through this narrow area are bent together, 
causing an increased resistance. The region where the 
streamlines converge or diverge is called the constriction 
region. The generated surplus resistance is the constriction 
resistance; cf. E.C.H. §1 and §3. 

2H. Blok, “General discussion on lubrication and 

lubricants,”’ Inst. Mech. Eng. London 2, 222 (1937). 

3]. C. Jaeger, J. Proc. Roy. Soc. N.S.W. 56, 203 (1942). 

‘E. Madelung, Naturwiss. 30, 223 (1942). 
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numerical detail. We shall make uses of his 
results. 

In considering the problem of the temperature 
in a sliding contact, we encounter the question 
of the size and character of the contact surface. 
This question turns out to be very difficult. 
Some of the results mentioned in E.C.H.' form a 
basis for the answer, but only a coarse approach 
to reality can be achieved. It is, therefore, of 
special interest to compare the theoretical results 
of Jaeger and of the author with recent measure- 
ments by Else Holm.® This is done in Table II. 
A fairly good agreement is noted. The agree- 
ment with experimental results by Bowden and 
Ridler® is poorer, possibly because some of the 
physical constants of the materials are not 
known with sufficient accuracy. 


I. HEATING PROCESSES IN STATIONARY 
CONTACTS 


a. The Development of the Temperature in the 
Constriction Region of a Stationary Contact 
Heated in the Contact Surface 


We assume a semi-infinite body limited by a 
plane surface containing the circular area with 
the radius a in which, from the time ¢=0 on, 
heat is produced at the constant rate K and 

5 Else Holm and Ragnar Holm, Festskrift tillagnad Arvid 


Hedvall, Chalmers tekn. hégskola, Géteborg, Sweden, 
p. 271, 1948. 


6 F. P. Bowden and K. R. W. Ridler, Proc. Roy. Soc. 
London A154, 640 (1936). ; 
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uniformly distributed over the area. No heat 
may be lost from the plane to the surroundings. 

In order to simplify the calculations we imagine 
the heated, flat surface to be replaced by a 
hemisphere concentric to it, with the radius 3, 
cf. Fig. 1. This hemisphere may be regarded as 
an isotherm. Then all isotherms are concentric 
hemispheres. We shall later discuss the relation 
between a and b. 

The equation defining the development of the 
temperature is readily found to be 

07g 2da8 cad 

eee woe Glie an, (1) 

Or? rdér Rat 
where r is the distance from the center of the 
b-hemisphere, \ the heat conductivity, and c the 
specific heat per unit volume of the contact 
material. 

The following boundary conditions are ex- 
pressions for the assumptions: at ‘=0, 3 =0 for 
every r, and at ¢>0 and r=), heat is generated 
at the rate AK uniformly distributed over the 
b-hemisphere. 


Hence, 
ov 
K=—2nb-( ~) . (2) 
or r=b 
The substitutions 
K 
y=0r—— and r=)(1+x) 
2m 


transform Eq. (1) into 


A d*y Oy 
=—, (3) 
cb? ax* at 





& 





+) 








. % b-hemisphere 


Fic. 1. Streamlines directed radially from the b-hemisphere. 
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with the conditions that 


at t=0, y= —K/2rzd for every x, 
and 
at ¢>0 and x=0, (dy/dx),~0 = y(0,t). 


The solution?’ is 


K x 
mtd) 
2m 2(z)3 


x 
+e] 1-0 +(0)'){]= ve), (4) 
| 2(z)! 


where 
2 i 
(x) = f e*'dB (5) 
(1)? Jo 
and 
s=—t. (6) 
cb? 
Hence 
K 1 
(r,s) =———- Y(x,2). (7) 
2mrxr 1 


Putting x=0, i.e., r=, we find 


3(b,z) =——[1—e*}1—((z)')} ]=@(z), (8) 
27rd 


designating by 6(z) the supertemperature in the 
contact surface at the time ¢. 

Considering that in the stationary state the 
temperature may be written const./r, we easily 
find that according to Eqs. (2) the permanent 
supertemperature @(«) in the b-hemisphere is 

K 


O( 2) =——. (9) 
2xdb 


Substituting. this in Eq. (8) we obtain 
0(z) 


—— =1-—e’|1—#((z)!)} = B(z). 
O(~) 


(10) 


Equation (10) defines the function B(z). Approxi- 
1 
B(z) =1———— 


mation for z>4: 
1 
4) 
(xz)! 22 


7See Riemann-Weber Die Partiellen Differentialgleich- 
ungen der Mathematischen Physik (Braunschweig, 1912), 
Volume II, especially p. 97 and p. 98. 
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Fics. 2 AND 3. The full drawn curves illustrate the function B(z) of Eq. (10). The dashed curves refer to a contact heated 
by the electric current through the contact and are taken from the book E.C.H., §11. 


The function B(z) is illustrated by the full- 
drawn curves in Figs. (2) and (3) differing in 
that the second figure has logarithmic abscissae. 
The dashed curves present the case of a contact 


heated by the electric current.’ A striking feature. 


of the new curve is its beginning with a vertical 
tangent. 


b. The Constriction Region Cooling Off 


We assume that the heating described above 
has reached the stationary state, and that now 
at the time t=0 heating ceases. Then Eq. (1) is 
still valid but with the following conditions: 


at t=0, 83 =K/2xrdr 
and 
at t>0, (03/dr),.o =90. 
The substitutions 
and 


y=0r r=b(1+x) 


transform Eq. (1) into 


A dy Oy 








cb? ax? at 
with the conditions that 


at t=0, y= K/2md 
and 
at t>0, (dy/dx),-0= y(0,t). 





8 See E.C.H., case A in Figs. (11.14) and (11.15). 
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The general solution is 


y(x,t) = Y(x,2) 


or, denoting the decreasing supertemperature by 
8.(r,z) or O.(z), respectively, where the index c 
refers to the cooling process, 





—vd(r,z), 


1 
v.(7,2) =—Y(r,z) = (11) 
r 


wAr 


and in the special case r=), i.e., for the contact 
surface 


6-(z) = O(  )e*{ 1 —((z)4)}. (12) 


II. THE TEMPERATURE RISE IN A CONTACT SPOT® 
OF A SLIDING CONTACT BECAUSE 
OF THE FRICTION 


a. Introduction 


We regard a circular contact area moving with 
the constant speed v along the surface of the 
base contact member. The friction produces heat 
at the constant rate K in it, uniformly distributed 
over the area. We want to find the generated 
temperature rise above the temperature of distant 
parts of the contact member which are considered 
as remaining at room temperature. The rise will 
not be the same in all points of the contact area, 
and we shall first try to compute the maximum 
temperature rise. A computation of an average 
temperature is also important. 

® The contact surface between practically plane surfaces 


is usually subdivided into small spots, which in E.C.H. are 
called a-spots if they represent a metallic contact. 
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We proceed in the following way. First we 
make the supposition that the heat is produced 
in a stationary contact spot. After a long time 
(t= ©) the supertemperature attains a constant 
value, corresponding to 0(«) in Eq. (9). 

Then we take into account that the heat pro- 
duction in any contact point of the base sliding 
member is transient, and that therefore only a 
fraction B of the supertemperature 0( ) will be 
reached. We shall find that we may use Eq. (10) 
for the calculation of B if we make a suitable 
choice of the quantity 6 for Eq. (6). 

We remember that Eqs. (9) and (10) are 
deduced for the case that the heated surface is 
hemispherical. We must find the conversion to 
the case of the flat heated spot. 

Eq. (10) still gives a fairly good approximation 
of B. This may be proved by a simple application 
of the discussion in E.C.H., §11C, noticing that 
the quantity b is defined by Eq. (19). 

The substitute for Eq. (9) requires more dis- 
cussion. We consider the permanent tempera- 
ture to be the thermomotive force which forces 
the heat current across the thermal constriction 
resistance W connected with the contact spot. 

If 6,( 2%) means the maximum temperature in 
the contact spot with the radius a, i.e., the tem- 
perature in its center, 0,,(*) may be compared 
with the electric potential (above the potential 
in infinitely distant points) of the center of a 
circular disk with the same radius and the entire 
charge K/2xd uniformly distributed. The number 
K/x of lines of electric force which start from 
one side of the disk multiplied by the con- 
ductivity \ then represents the thermal current 
K in our problem. The electric potential is known 
to be K/z2aiX. Hence” 


1 
and W,=—. 
war 


K 
Om( a ) —— 
war 


(13) 


We shall meet the question about the tempera- 
ture which is measured when the sliding contact, 
with members of different metals, acts as a 
thermocouple. Then, not 6,,(%) but a kind of 
average temperature is responsible for the thermo- 
current. It probably will not be the arithmetical 
average. Another possible average temperature 
@( 2) may be defined as that temperature in the 


10 Equation (13) corresponds to Jaeger’s Eq. (31). 
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a-spot which would provide the heat current K 
if the spot were isothermal. In this case the 
thermal resistance is known" to be 1/4a\ and 
thus 


K 
@( 2) =—-. (14) 
4ar 
We have 
O,(2) 4 
— a — = 1.27, 
O(«2) 


(15) 


which is just the order Jaeger, in another way, 
calculates for the ratio between the maximum 
and arithmetical average temperature in a rec- 
tangular contact spot. 


b. Calculation of K and the Radius a of a 
Flat Contact Spot 


Let P be the entire contact load and n the 
number of a-spots. Thus, the load on one a-spot 
is P/n. Designating the coefficient of friction 
by u, we obtain for the single a-spot 

Py 
K=p- 


n 


(16) 


With the units used below, P in g, v in cm/sec., 
and energy in joules, we get 


9) 


t 


K=10-‘z (17) 


n 

The calculation of the radius a must be based 
on the experimental experience that the average 
pressure in a contact usually is of the order of 
the hardness H of the softer member.” In crossed- 
rod contacts H is often reached, in plate contacts 
the pressure usually is of the order H/2. The 
contact between a small slider and a base plate 
constitutes an intermediate case, and we assume 
the average pressure to be 0.7H. Thus, by defini- 
tion of pressure, 


P=nra’0.7H 


P } 
a= (— at ) | 
0.7nxH 


c. Calculation of the Function z 


Equation (6) contains the quantity b which 
represents the linear dimension of the contact 


1! See E.C.H., §5K. 
12 See E.C.H., §14 and the beginning of §40B. 
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spot and thus will be proportional to a. The 
principle for determining the relation between 
a and } must be that the heat generated at the 
rate K may cause the same average stationary 
temperature in the real plane spot with the 
radius a and in the hypothetical hemisphere with 
the radius b. Hence, according to Eq. (9), 


K K 
27D 4ar 
or 
2 
b=a-. (19) 
TT 


Equation (6) also contains the time ¢ during 
which the contact spot is considered to be 
heated. In the assumed case of a circular heat 
source moving with the speed v on the surface 
of the base contact member, ¢ will be the average 
time during which a point of this member has 
contact with the slider. The average length of the 
contact spot in the v direction is a 7/2. Hence, 


Ta 
t=—-. (20) 
2u 


According to Eqs. (19) and (20) we obtain 


n® X 





(21) 


c= 
~ 


8 cav 


Using z according to Eq. (21), B(z) is determined 
by Eq. (10). 


d. Course of the Numerical Calculations 


K and a are obtained by means of Eqs. (17) 
and (18). Then Eq. (13) or Eq. (14), respec- 
tively, determine 0,,(%) or @(2%). The quantity 

(z) is obtained from Eq. (10) with z according 
to Eq. (21). Finally, we obtain 


0(z)=B(z)@(~2) or Omn(z)=B(z)On(2%). (22) 


e. Application to Actual Contacts 


The simplest case for the application of the 
theory is realized if one contact member, a rela- 
tively small slider, glides on a plane base member 
generating a single circular contact surface with 
a constant position on the slider, and if the slider 
conducts heat only to a negligible amount. 
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Experiments I 


Bowden and Ridler® have made experiments 
which seem to correspond to the described case. 
They used a small pin slider gliding with its end 
on a flat plate. Bimetallic contacts were used 
and the thermoelectric voltages measured. They 
calibrated their thermocouple by assuming that 
the highest temperature, observed to be an 
upper limit, was just the melting point of the 
one contact member. 

Melting in the contact begins when the tem- 
perature in its center attains the melting point, 
and the described method of calibration will 
nearly correspond to adapting the device for 
indicating the maximum temperature in the con- 
tact. We, therefore, use Eq. (13) for calculations 
concerning these experiments I. When applying 
Jaeger’s theory we use his Eq. (33), giving the 
maximum temperature in a square contact spot. 


Experiments II 


Else Holm® has made similar measurements. 
The sensitivity of the thermocouple constituted 
by the sliding contact was calibrated by means of 
other couples consisting of the same materials 
with one juncture dipping in melting snow and 
with the other in water at room temperature or 
in initially dry Na2SO, just combining with a 
sufficient quantity of water. The recorded tem- 
perature is an average for the contact surface 
and is to be calculated according to Eq. (14), or 
as the arithmetical average when using Jaeger’s 
theory. 

The slider was not small enough to be neglected 
in the thermal balance, but its ability to con- 
duct heat from the contact was limited. A good 
approximation will be to assume that the slider 
functions as if its thermal conductance were 
half of that of a semi-infinite contact member of 


TABLE I. Physical constants. 








c H 
Metal cm deg.~! j cm™* deg.~! 10 g cm= 
Ni 0.6 3.9 16.6 
Fe* 0.45 3.6 a= 
Brass, 0.9 3.2 8.3 
Sn 0.64 1.6 0.5 
Pb* —_— — 1.0 








* Assumed values for the experiments I. 





TABLE II. 


O(2) 
‘ caleul. accord. to O(2) 
Contact em /sec, @( 2 ) z Biz) Holm Jaeger* observed 
Experiments II (Holm), «=0.7 
Ni-brass 9 79 @B 0.88 7.0 10.5 Raq. (40) 8.8 
= 450 g 

n=3 15 13.2 14 0.85 ll 11.0 
a=2.86X10"% em 

35 30.7 6 0.79 24 20.5 

80 70 2.6 0.70 49 67 Eq. (44) 38.0 
Ni—So 23 9.8 1.3 0.61 6.0 5.0 
P=450¢ 
n=l 35 15 0.84 0.55 8.3 6.0 
a=20.2X107 cm 

80 34 037 0.42 14.2 10.0 
Ni—Sn 13 8.7 1.5 0.63 5.5 4 
P=1130¢ 

30 20 0.65 0.51 10 8.0 


n=l 
a=32X10"3 em 


80 54 0.24 0.35 19 24 Eq. (42) 13.6 


Experiments I (Bowden and Ridler), u=1 


Om(@) Om(z) Om (2) obs. 
Pb~Fe 500 475 0.23 0.35 «166 © :185 Eq. (33) 209 
P=57 4 
n=l 
a=4,25X10"7 cm 
Pb—Fe 160 202 0.53 O48 97 120Eq.(33) 200 
Poise “a. ( 


n=l . 72 < 6 ans . 
a=5.7X10-3 em 600 762 0.14 O28 214 232 300 





* Jaeger deduces different formulae for maximum and average temperatures and 
uses different approximations for different sliding speeds. 


the same metal. This will be taken into account 
in two different ways. 

When using Eq. (14), which is deduced for 
‘heat conduction through one contact member 
(the base member), we add half the conductivity 
\ of the slider to the conductivity of the base 
member. When using Jaeger’s Eqs. (42) and (44) 
we just set the conductivity of the metal of the 
slider half as large as its normal value. 

The investigators have not observed the coeffi- 
cient of friction simultaneously with the measure- 
ment of the temperature. We, therefore, have to 
make plausible assumptions about yu. Since the 
wear in the contacts was considerable, the sliding 
’ surfaces, on an average, probably were nearly 
clean metallic surfaces. In such surfaces the 
friction force per unit area™ usually is of the order 
I1/2, where H is the hardness. In a contact area S 


3 Cf. E.C.H., §38. 
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the entire friction is (J7/2)S. Thus, 
u=HS/2P. 
Since we suppose p= P/S=0.7H, we obtain 
p~0.7. 


We use this value for calculations on experi- 
ments Il. For the experiments | we just set 
u=1, cf. below. 

As mentioned above, the slider in the experi- 
ments | may have had one single contact spot 
with a constant position on the slider. But in 
some of the contacts of the experiments II the 
contact surface was more complicated. It may 
have been subdivided into spots and their posi- 
tion on the slider may have varied. We have 
chosen the number 1 of contact spots for Table I 
so as to give a good agreement with the observa- 
tions. The number x is also plausible when com- 
pared with other experiences. The variation of 
the position of the spots is already taken into 
account by using Eq. (20) for ¢. Because a corre- 
sponding step is not taken when using Jaeger’s 
equations, we expect them to give a little too 
high temperatures, as seen in Table II. 

In the use of Jaeger’s formulae, which are 
valid for a square contact area with the side 2a, 
we assume the heat per unit area to be the same 
as in the circular area, i.e., equal to (K/za?). 
This corresponds to a greater total heating rate 
than K, but a closer agreement between calcula- 
tions with both forms of the contact surface is 
achieved in this way. 

Table Il summarizes the measurements and 
calculations. The material constants used for 
these calculations are recorded in Table I. 

Table II shows a fairly good agreement be- 
tween the results of the experiments II and the 
calculations. A typical example of the experi- 
ments I is represented in the lower part of 
Table Il. Here an agreement between calcula- 
tions and observations could be obtained by 
using rather extreme values of the material 
constants, putting 4=1, and by replacing the 
factor 0.7 in Eq. (21) by 1. It would be valuable 
to get more experimental information on this 
point. — 
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Measurement of Carbon Black Particles by the Electron Microscope and 
Low Temperature Nitrogen Adsorption Isotherms 


R. B. ANDERSON* AND P. H. EMMETT** 
Chemical Engineering Department, Johns Hopkins University, Baltimore, Maryland 


(Received September 6, 1947) 


Electron micrographs and nitrogen adsorption isotherms have been compared on six com- 
mercial carbon blacks as methods for obtaining particle size and surface area values of finely 
divided materials. Good agreement between the two procedures was obtained for four of the 
backs: Grade 6, P 33, acetylene black, and lampblack. For two blacks known to be porous, 
Mogul and after-treated lampblack, the areas, as measured by the nitrogen isotherms, were 5 to 
7 times as large as one would calculate from the electron microscope results. 


URING the past ten years the Columbian 
Carbon Company has made an extensive 
study of the size distribution of the particles of a 
variety of carbon blacks by means of the electron 
microscope.'? On calculating apparent surface 
areas from the size distribution curves and com- 
paring them with areas that had been obtained 
by others by adsorption methods, they reported 
that ‘adsorption values are unquestionably in- 
fluenced by the type of surface activity present 
on the carbons,’” and that “adsorption methods 
(both for iodine and nitrogen) appear unreliable 
as a guide to surface area for the complete carbon 
family.” 

In disagreement with this conclusion, De Witt 
and one of the authors* have called attention to 
the almost perfect agreement that is obtained be- 
tween the average particle size of Micronex, as 
measured by the electron microscope and as 
calculated from the surface area determination 
by the low temperature nitrogen adsorption 
method, that has proved to be so widely appli- 
cable and generally accepted as a means of 
measuring the surface areas of a variety of finely 
divided or porous adsorbents.*~? Furthermore, 


* Present address: Central Experiment Station, U. S. 
Bureau of Mines, Forbes Street, Pittsburgh, Pennsylvania. 

** Present address: Mellon Institute, Fifth Avenue, 
Pittsburgh, Pennsylvania. 

! Columbian Colloidal Carbons, Volume II, 1940. 

2 Columbian Colloidal Carbons, Volume III, 1942. 

3 Emmett and DeWitt, Ind. Eng. Chem., Anal. Ed. 13, 
28 (1941). 

4Emmett, J. Am. Chem. Soc. 68, 1784 (1946). 


5 Wooten and Brown, J. Am. Chem. Soc. 65, 113 (1943). 


6 Beebe, Beckwith, and Honig, J. Am. Chem. Soc. 67, 
1554 (1945). 

7 Ries, Van Nordstrand, Johnson, and Bauermeister, J. 
Am. Chem. Soc. 67, 1242 (1945). 
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the present authors* have established that typical 
carbon blacks such as Grade 6 or Carbolac 1 have 
areas by the nitrogen adsorption method that are 
quite independent of the amount of surface com- 
plex and hence of the “surface activity” of the 
blacks. Accordingly, there seems good reason to 
believe that areas estimated by the electron 
microscope and by nitrogen adsorption should 
agree for all non-porous carbon blacks and that 
any disagreement can hardly be attributed to the 
influence of surface activity on the nitrogen 
adsorption methods. 

To obtain a better and more convincing com- 
parison of the two methods, the present work 
was undertaken. All previously reported com- 
parisons had been made on samples of com- 
mercial blacks obtained in different locations and 
frequently at widely separated times. It seemed 
desirable to make surface area measurements by 
the nitrogen adsorption method and particle size 
distributions by the electron microscope method 
on samples of several types of commercial carbon 
blacks under carefully controlled sampling condi- 
tions. Accordingly, identical samples of six differ- 
ent carbon blacks were studied by the two 
methods. The results seem to show that there is 
good agreement between the two methods on all 
non-porous carbon blacks. Only on samples that 
have been purposely made porous by air or steam 
activation processes are divergent results ob- 
tained. This, however, is to be expected since the 
electron microscope method measures average 
particle size and particle distribution whereas the 
nitrogen adsorption method gives the total sur- 


8’ Emmett and Anderson. J. Am. Chem. Soc. 67, 1492 
(1945). 
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face area accurately, but yields correct values for 
average particle size only when the adsorbent is 
non-porous. 


EXPERIMENTAL 


The present work was restricted to four non- 
porous and two porous commercial carbon blacks. 
All samples were furnished by the Godfrey L. 
Cabot Company. The non-porous blacks were 
P33, acetylene black, lampblack, and Grade 6 
rubber black. The porous samples were Mogul 
and lampblack LBTT (after-treated lampblack 
T). Mogul is a standard long ink black prepared 
commercially by the after treatment in air at 
800°F of a short ink black of the Elf type. 

Values for the surface areas were obtained by 
measuring the adsorption of nitrogen at — 195°C 
at a number of points over the relative pressure 
range 0.05 to 0.5, and plotting the data according 
to the standard Brunauer-Emmett-Teller'® equa- 
tion 
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Fic. 1. Histograms of the particle size distribution of 
various carbon blacks from electron micrographs. The 
arrows indicate the arithmetic means, and the vertical 
“dotted lines are drawn one standard deviation unit on each 
side of the mean. 


* Emmett and Cines, J. Phys. and Colloid. Chem. 51, 
1329 (1947). 


1° Brunauer, Emmett, and Teller, J. Am. Chem. Soc. 60, 
309 (1938). 
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where V is the volume of gas adsorbed (as meas- 
ured at standard temperature and pressure) at 
the relative pressure x, C is a constant, and V,, is 
the volume of gas required to form a monolayer 
on the surface of the adsorbent. By assuming that 
the cross-sectional area of the adsorbed nitrogen 
molecule is 16.2A*, one can obtain from V,, the 
area of the sample in square meters by multi- 
plying V,, by 4.38."' The details of the adsorption 
method and the reasons for believing that the 
method furnishes reliable surface area for finely 
divided materials have been described* +": else- 
where and need not be repeated here. 

The electron microscope photographs were 
taken by Dr. Hall of the Massachusetts Institute 
of Technology ; he used™ standard ‘‘film’’ prepa- 
rations“ and the procedure that has become 
customary for such materials. The photographs 
were actually taken at a magnification of about 
9000. The measurements were made from prints 
enlarged to a total magnification of from 30,000 
to 70,000 depending on the black. On the electron 
microscope prints, most of the particles appeared 
to be spheres or groups of spheres, though, 


‘ admittedly, the photographs of acetylene black 


were not sufficiently detailed to preclude the 
possible presence of some crystalline platelets of 
the type recently described by Watson.'®!* Only 
particles with circular cross sections in which 
more than half of the perimeter was visible were 
measured to avoid counting clusters as single 
particles. The magnified images of the particles 
were measured on the prints to the nearest 0.5 mm. 


RESULTS 


In Fig. 1 are shown the particle size distribu- 
tion plots for the six carbon blacks. The mean 
value of the diameter is indicated by an arrow on 
each of the plots, the standard deviation is indi- 
cated by parallel verticle dotted lines, one on 
each side of the arrow. 

In Table | is presented a summary of data for 
the electron microscopic counts and for the sur- 


Emmett and Brunauer, J. Am. Chem. Soc. 59, 1553 
(1937). 

2 Emmett, Am. Soc. Testing Materials, “Symposium on 
new methods for particle size determination in subsieve 
range,” p. 95 (1941). 

8 Hall, private communication. 

'* Watson, J. App. Phys. 18, 153 (1947). 

1’ Watson, J. App. Phys. 17, 121 (1946). 

16 Watson, Electrochem. Soc. 92, 4 (October, 1947). 
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From electron micrographs 














From nitrogen adsorption 





Number Calculated Calculated 
of particles Magnifi- dn da area m*/g dainA Area Roughness 
Sample counted cation A A p=1.85 p=2.00 p =1.85 p =2.00 m?2/g factor* 
Grade 6 82 51,580 345 410 79.1 tae 
105 66,800 340 400 80.6 74.6 295 273 110 1.43 
P33 110 50,000 1130 1430 22.7 21.0 
63 31,900 1220 1460 22.2 20.6 1565 1459 20.7 0.96 
Shawinigan 117 52,100 435 540 60.2 55.6 
acetylene 140 51,000 450 500 64.6 59.8 502 465 64.5 1.08 
Lampblack T 83 54,090 1200 1520 ata 19.8 
64 54,090 1010 1280 25.3 23.4 1297 1200 25.5 1.07 
42 34,000 1040 1230 26.4 24.4 
Lampblack LBTT 51 30,400 810 1040 31.1 28.8 
(after-treated 139 48,000 880 1150 28.1 26.0 156 144 208 7.30 
lampblack 7) 
152 73,900 290 360 89.9 83.2 72 67 450 4.20 


Mogul 








* The roughness factor is merely the ratio of the surface area as measured by N2 to the area calculated from da of the electron microscope results 


using a density of 1.925 for the carbon blacks. This average value for density is employed because experimental density values were not available 
for all of the carbon blacks used. However, to show the influence that a variation on the values for the true density might have on a comparison 
of the nitrogen adsorption and electron microscope methods, calculations in columns 6 to 9 have been made for density values that may be consid- 


ered the upper and lower limits usually found for carbon blacks. 


face area measurements. Column 2 gives the 
number of particles included in each of the 
counts; column 3, the magnification ; column 4, 
the mean diameter of the blacks d, defined as 
(Xnd/n);and column 5 gives values for d4 defined 
as Ynd*/Snd*. The surface area values are shown 
directly in column 10 as square meters per gram. 
As pointed out above, these areas were obtained 
in each case by evaluating V,, from Eq. (1), and 
then multiplying the V,, value by 4.38 and di- 
viding by the weight of the sample to convert the 
result into square meters per gram. 

The surface area values calculated from the 
electron microscope and the average particle size 
values calculated from the surface area measure- 
ments involve the assumption of some shape 
factor'® 7 for the particles, and of a value for the 
density. The surface area calculations from the 
electron microscope photographs and the size 
calculations from the adsorption areas have been 
made on the assumption of spherical particles of 
a density of 1.85 and also of a density of 2.00 for 
the carbon blacks. These calculations are shown 
in columns 6, 7, 8, and 9. 

DISCUSSION 

Critical discussions by various previous 

workers" have made it clear that to obtain the 


7 Green, J. Frank. Inst. 204, 713 (1927). 
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area of a collection of spherical particles for which 
a size distribution curve is available, the relation 


Area = 6/ (pd) (2) 


may be used, where p is the true density of the 
particles and d4, as defined above, is obtained 
by dividing the sum of the cubes of the measured 
diameters of the individual particles by the sum 
of the squares. Conversely, this same equation 
may be used for obtaining values of d4, provided 
the total surface area (as measured for example 
by the nitrogen adsorption method) and the 
particle density are known. 

The comparisons between the electron micro- 
scopic and the gas adsorption methods may be 
made in several ways. Column 11 of Table I lists 
a roughness factor calculated as the ratio between 
the surface area as measured by nitrogen and the 
surface area calculated by Eq. (2) from the 
electron microscope distribution curves using the 
d, values from column 5 and the average of the 
two density values 1.925 for the density of the 
carbon. The results show clearly that the agree- 
ment between the electron microscope and the 
nitrogen adsorption method is well within the 
expected experimental error*** for the two 


*** Strictly speaking, only three of the four non-porous 
blacks yield areas which agree by the two methods within 
expected experimental errors. The fourth carbon black, 
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Fic. 2. A plot of the means and standard deviations from 
electron micrographs compared with the average, da, 
computed from nitrogen adsorption isotherms. The aver- 
ages d, and d, from the micrographs are represented by the 
long vertical line and X, respectively. The horizontal line 
extends one standard deviation unit on each side of d,. The 
two short vertical lines represent the values of d4 computed 
from nitrogen surface areas with carbon black particles 
assumed to be smooth spheres with densities of 1.85 
and 2.00. 


methods on the four non-porous carbon blacks. 
The area calculations from the electron micro- 
graphs probably involve an experimental error of 
at least 10 percent. The surface area values from 
the nitrogen adsorption are reproducible to a few 
percent, but are uncertain in an absolute sense to 
perhaps 20 percent because of the uncertainty in 
the cross-sectional area values chosen for the 
adsorbed nitrogen molecules. As has been pointed 
out in previous publications," the area that one 
calculates for the cross-sectional area of the 
nitrogen molecule is 13.7A? if the calculation is 
based on the density of solid nitrogen, and 16.2A? 
if the density of liquid nitrogen is used in 
the calculation. Evidence seems to be accumu- 
lating* '*'® to indicate that the average area 
occupied by the adsorbed nitrogen molecule is 
closer to the 16.2 value than to the 13.7 value, 
but this may well vary somewhat from solid to 
‘ solid. In view of these possible combined uncer- 
tainties, the results for the four non-porous 
carbon blacks, as determined by the two methods, 
may be considered to be in good agreement. 








Grade 6, has a roughness factor of 1.43 which is just about 
the limit of combined errors of the two methods. Larger 
numbers of particles of this black would have to be counted 
to be sure that this value represents a real roughness of the 
particles. 
‘6 Harkins and Jura, J. Am. Chem. Soc. 66, 1362 (1944). 
8 Harkins and Jura, J. Am. Chem. Soc. 66, 1366 (1944). 
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The two porous blacks have been shown else- 
where’ to have isotherms resembling those ob- 
tained for charcoal and characteristic of sub- 
stances with a considerable fine pore structure. 
The roughness factors of 7.3 and 5.2 are, ac- 
cordingly, to be expected. 

The results shown in Table | are illustrated in 
two separate plots. Figure 2 shows by a long 
vertical line the mean diameter of the particles 
observed for the different blacks by measurement 
of the electron micrographs. The horizontal lines 
are drawn one standard deviation unit on each 
side of the mean. For a normal distribution about 
two thirds of the particles lie within the size 
range covered by this horizontal line. Also, for 
each black the value for d4 from the electron 
micrographs is plotted in Fig. 2 by use of the 
symbol X. Finally, by short vertical lines are indi- 
cated the limits to the value of d,4 as calculated 
from the surface area measurements for carbon 
densities of 1.85 and 2.0. In Fig. 3, the surface 
areas as measured directly by nitrogen are 
plotted against those calculated from the da 
values of the electron micrographs using Eq. (2), 
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Fic. 3. Comparison of surface areas from nitrogen ad- 
sorption to areas computed from electron micrographs 
assuming the particles to be smooth spheres. The two short 
vertical lines |—| represent the areas computed from micro- 
graphs with the density of the carbon blacks assumed to be 
1.85 and 2.00. 
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TABLE II. Comparison of electron microscope and nitrogen adsorption values* 
obtained by various workers on carbon blacks. 








Micronex (M )** 





Lampblack LBTT 


Acetylene (atter-treated 








or Grade 6 (G)** P33 black Lampblack T lampblack T) Mogul 
Reference dn da Area dn da Area dn da Area dn da Area dn da Area dn da_ Area 
Columbian Carbon Book IIIt 280M 740 430 
Columbian Carbon Co. 280M 740 430 
Weigand 
Columbian Carbon Co. 280M 740 430 
Weigand and Ladd 
B. F. Goodrich Co. 326G 430 1333 1475 300 «515 1188 1624 
286M 356 
247M 372 
264M 372 
Emmett and DeWitt 362M 480 107 22.1 64.5 
Emmett and Cines 110 26 218 475 
12 
Godfrey L. Cabot, Inc. 286G 1171 426 926 
Godfrey L. Cabot, Inc.— [450 
Smith, Thornhill, and Bray 114 158 “ = \350 
Watson 295M-6 1050 430 
Anderson and Emmett 341G 406 110 1170 1440 20.7 445 500 64.5 1110 1380 25.5 860 1130 208 290 360 450 


(this work) 





*d, and da are from electron microscope photographs and are, respectively, (Znd/n) and (Znd*/Znd?) expressed in angstrom units; areas are in 


square meters per gram as measured by nitrogen adsorption isotherms. 








** M and G are used in column 2 to indicate, respectively, Micronex and Grade 6 carbon black. 
+ The papers in this column are cited in references 2; 24; 25; 21; 3; 9; 20; 22; 14 and 16 (both Watson), respectively. 


the two short vertical lines indicating the areas 
calculated from the micrographs with the carbon 
densities taken as 1.85 and 2.0. The agreement, as 
pointed out above, is all that could be desired for 
three of the four non-porous blacks and is fairly 
good for the fourth; only the two porous blacks 
give larger areas by the nitrogen method than by 
the electron microscope method. 

The question naturally arises as to how the 
results obtained by our surface area and our 
electron microscope measurements compare to 
those previously published for these blacks by 
other workers. In Table II, all of the other known 
results for these blacks are summarized. It is 
apparent that the electron microscope results ob- 
tained in the present work agree well with others 
that have been reported, except for P33. For this 
black the Columbian Carbon group? report a d,, 
value of 740A, which is about 40 percent smaller 
than the average of the values obtained in 
the present work and those by three other 
workers.'* *° 2! [t seems probable that the d, value 


*0 Private communication on work of Godfrey L. Cabot 
Company. 

21 B. S. Garvey and J. A. Freese, Jr., “A summary study 
of carbon black in GRS,” issued privately by the B. F. 
Goodrich Company, Akron, Ohio (1943). 
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should be in the range 1000 to 1300 rather than in 
the range 700 to 800 for this black. For the 
nitrogen surface area measurements, the values 
obtained in the present work agree well with 
those reported by others,” except for the one 
value of 15 square meters per gram reported by 
Smith, Thornhill, and Bray” for the afea of P33. 
Certainly, areas obtained in the present work and 
in the paper of Emmett and DeWitt® for P33 
agree much better with the electron microscope 
counts than does the 15 square meter value. The 
cause of the P33 area measurement being low in 
the work of Smith, Thornhill, and Bray, and of 
the electron microscope value being too low in the 
work of the Columbian Carbon, is not known. 
Possibly variations among the various batches of 
P33 might be large enough to account for the 
spread of results. For the most part, however, it 
may be concluded that the electron microscope 
and the nitrogen surface area values obtained in 
the present work are in good agreement with 
those obtained by previous workers and tend to 
confirm the approximate correctness of both of 
these methods for obtaining, respectively, par- 
ticle size distribution and surface areas. 


2 Smith, Thornhill, and Bray, Ind. Eng. Chem. 33, 1303 
(1941). 
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One might raise the question as to whether 
some of the minor discrepancies that do exist for 
the particle diameters as obtained by the electron 
microscope method may not be due to an effect 
recently reported by Watson." He claims that 
during the exposure of samples of some blacks to 
a stream of electrons in taking the electron 
microscope pictures, there is a tendency for the 
carbon particles to grow appreciably in size. In 
fact, he reports that the mean diameter of 
Micronex increased from 295 to 345A for ‘‘film’’ 
mountings, and from 295 to 495A for ‘“‘filmless”’ 
mountings in three minutes of bombardment at 
normal focusing intensity. The size increase is 
presumably the result of the deposition of carbon 
from various organic sources on to the sample of 
black and is a function of a number of factors 
including the distance from the screen to the 
particular group of carbon black particles being 
photographed. There is no very good way of 
estimating the extent to which this effect may 
have entered into some of the results presented in 
Table I]. However, the uniformity of the electron 
microscope values for a given black as obtained 
by various workers, and the general agreement 
between the surface areas, as measured by nitro- 
gen and those that are obtained by calculating 
from d, obtained from the electron microscope 
results, both seem to indicate that this particle 
growth effect has not been serious in previously 
published work on carbon black. In the present 
work, we feel very sure that no error of the type 
mentioned by Watson is involved. In the first 
place, the agreement between our own values of 
d, and those reported by Watson for photographs 
so taken as to minimize or avoid particle growth 
is very striking and convincing. For P33, the 
value of d, here reported is 1170A, compared to 
1050A reported by Watson; for Shawinigan 
_ acetylene black, the d, values are 445A in the 
present paper and 430A by Watson; and for 
Grade 6 carbon, the value here reported is 341A, 
compared to 295A obtained by Watson for a 
sample of Micronex W-6, which is similar to 
Grade 6 carbon. Furthermore, Dr. Hall,"* who 
took the photographs used in the present work, 
was fully cognizant of the particle growth effects 
mentioned by Watson and took pains to avoid 
such growth in all his photographs. Accordingly, 
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that in this work the effect 
mentioned by Watson was not operative. 
Briscoe and Warren™ have concluded from 
their x-ray examination that carbon black par- 
ticles are in reality clusters of packets or groups 
of graphite-like layers. These packets are in the 
range 12 to 60A in size and are, accordingly, 
smaller by an order of magnitude than the diame- 
ters calculated from the nitrogen adsorption 
isotherms for Grade 6, P33 acetylene black or 
lampblack. The question naturally arises as to 
how the existence of these small packets in 
clusters can be reconciled with the adsorption 
work. The answer seems to be that the packets in 
the clusters are so closely associated with each 
other that even nitrogen molecules cannot pene- 
trate into the cluster. If this close piling together 
of the packets within a cluster is assumed, the 
nitrogen adsorption data are in good agreement 
with the concept of Briscoe and Warren as to the 
structural make-up of carbon black particles. In 
other words, electron micrographs, low angle 
scattering of x-rays and nitrogen adsorption iso- 
therms all yield estimates of what Briscoe and 
Warren call ‘‘clusters” of the tiny packets and 
what most other workers designate as the “‘par- 
ticle size’’ of carbon black; the x-ray structural 
measurements, on the other hand, yield the 
dimensions of the packets of graphite-like layers 
of which the carbon black particles are composed. 
In conclusion, it should be made very clear that 
the electron microscope is an excellent apparatus 
for obtaining either particle size or size distribu- 
tion in the range covered by the carbon blacks. 
On the other hand, it can yield surface areas only 
for those blacks that are non-porous and only 
within the uncertainty involved in assuming a 
shape factor and a value for the density of carbon. 
In contrast to this, the nitrogen adsorption 
method will yield apparently a reliable value for 
the surface area of either the porous or the non- 
porous blacks, but will give an average d4 value 
only for non-porous blacks, and will give no 
information at all in regard to the distribution of 
the size of the particles. Furthermore, of course, 
the calculation of the average diameter from the 
surface area measurements entails the same un- 
certainty as regards the density of the carbon as 


it seems certain 


3 Briscoe and Warren, J. App. Phys. 13, 364 (1942). 
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does the reverse calculation of area from the 
particle size measurements by the electron micro- 
scope. Accordingly, these two methods supple- 
ment rather than compete with each other. Each 
is superior to the other for certain purposes. 
Statements such as those made by Weigand” and 
by Weigand and Ladd* to the effect that the 
electron microscope is the only means of ob- 
taining reliable surface areas are erroneous, as 
would be any statements that might be made 
relative to the superiority of the adsorption 
method over the electron microscope for ob- 
taining particle size of finely divided substances. 


* Wiegand, India Rubber World 105, No. 3, 270; Can. 
Chem. Process Ind. 25, 579 (1941). 
25 Wiegand and Ladd, Rubber Age 50, 431 (1942). 
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The Visco-Elastic Behavior of a Highly Plasticized Nitrocellulose 
in Compression under Constant Load* 


GrEoRGE J. DoyLE AND RICHARD M. BADGER _ 
Gates and Crellin Laboratories of Chemistry, California Institute of Technology, Pasadena, California** 


(Received September 12, 1947) 


The behavior of a highly plasticized nitrocellulose in compression under constant load has 
been investigated over a rather wide range of load and temperature. The load dependence 
appears to require the assumption of non-Newtonian viscosity. Though the observations are not 
quantitatively accounted for by the Tobolsky-Eyring model, the load and temperature depend- 
ence of the rate of compression appear to have some relation to the predictions of these authors. 


INTRODUCTION 
HE investigation here reported was a part 
of a program of investigation of the me- 
chanical properties of smokeless powders recently 
conducted in this laboratory under a contract 
with the Bureau of Ordnance. This work included 
the study of plasticized materials in compression 
under constant load, and in large part consisted 
in the comparison of different materials. It was 
found desirable, however, to study at least one 
material under a rather wide variety of conditions 
of load and temperature. We believe the results 
obtained may be of general interest because of 
their relation to recently developed theories of 
visco-elastic behavior, and because the highly 
* This paper is based on work done for the Bureau of 
Ordnance under contract NOrd-9652 with the California 
Institute of Technology. 
** Contribution No. 1143. 
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plasticized material studied is rather different 
from the materials on which somewhat similar 
studies have been reported. 


MATERIAL STUDIED 


The material studied was essentially a double 
base smokeless powder prepared by a solventless 
process. It contained 54.5 percent nitrocellulose 
and 43 percent nitroglycerine, the major plas- 
ticizing agent. The remainder of the material 
comprised stabilizer and inorganic materials in 
small amounts. The nitrocellulose was prepared 
from cotton linters and had a nitrogen content of 
about 12.6 percent. Its ‘intrinsic viscosity in 
acetone solution was about 2.84, corresponding to 
a weight average degree of polymerization of 
about 390.! 


~ 1 See Blaker, Badger, and Noyes, J. Phys. and Coll. 
Chem. 51, 574 (1947). 





373 

















so ’ ry T i wt T 
40 mf 
30 = 
¢ 20 -- 
2 2 
7 51.6 Kg em 
€ 
£ 
- “7 
$ oe -* _ 
= sr 4 
"© rf mes 
= Tr = 
ax 
od 6} 2 - 
~ 25.8 Kg /cm 
Ss} @e® 4 
= i oe 
4} F 
ol. i 
eile 12.9 Kg/em™ 7 
2 l es i 





+ eS 
' ? 4 6861 20 40 6080100 200 


t+l, seconds (logarithmic scale) 


Fic. 1. Compression measurements at 20°C, 


PREPARATION OF SPECIMENS 


The material was extruded in }-inch strands 
which were annealed at about 60°C, while held in 
“V”" grooves to produce straight specimens with- 
out strain. These were then aged for three months 
in stoppered tubes at room temperature. The test 
specimens, 0.35-0.40 inch in length, were then 
cut and were stored in an air thermostat at 20° 
and 50 percent relative humidity for five days. 
Before use, the ends of the specimens were made 
plane and parallel by dressing with fine emery 
paper, with the use of a jig. Considerable practice 
is required to do this satisfactorily. In our early 
work we were greatly troubled by ‘‘end effects” 
due to the failure of the specimens to seat 
properly on the anvils. In the studies here 
described this was almost entirely eliminated by 
exercising the greatest care. 

The specimens to be used in a given series of 
measurements were stored in cylindrical, stop- 
pered cavities in a massive brass block in which 
they fitted loosely. In this block they were 
brought to the temperature of the measurement. 
Temperature equilibration was found to be rapid, 
and when brought to any given temperature 
the specimens rapidly came to a steady state 
which did not alter during the course of several 
hours. 


374 








iii ita il , i ,ee 


-AV, x 10> (logarithmic scole) 











ril L 


40 6080100 200 


r 
b 





t+1, seconds (logarithmic scale) 


Fic. 2. Compression measurements at 50°C. 


APPARATUS 


The apparatus used was a specially designed 
instrument which could be used either for hard- 
ness tests or for compression measurements. In 
certain respects it resembled conventional hard- 
ness testers but differed from them in the greater 
range of compressions which could be measured 
and in the greater choice of loads which could be 
employed. When used for compression measure- 
ments, the instrument was provided with two 
circular anvils. The surfaces between which the 
specimen was placed were plane parallel to 
within 0.0002 inch. The upper anvil was fixed 
during an experiment. The lower one terminated 
in a plunger moving in a bearing and rested on 
one end of a balance arm. The relative motion of 
the two anvils was measured with a dial indicator 
reading 0.0001 inch per scale division. The load 
was applied to the specimen by hanging weights 
from either of two points on the longer end of the 
balance arm. Precision ball bearings were used, 
rather than knife edges, for all balance bearings. 
A somewhat complicated hydraulic device per- 
mitted weights to be applied or removed almost 
without shock at definite times. 

The anvils of the compression balance were 
enclosed in an air thermostat in which a rapid 
circulation of air at 50 percent relative humidity 
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was provided. The temperature was kept con- 
stant within 0.5°C. Thermocouples were located 
at various points of the instrument to permit 
checking the uniformity of temperature and to 
monitor the adjustment of a heater and water 
jackets which controlled the flow of heat through 
the metal of the balance to the anvils in the 
thermostat. 


EXPERIMENTAL PROCEDURE 


Compression measurements were made at 20, 
30, 40, and 50°C, with three different loads in 
each case which covered a range of four to one. 
At 25° four loads were used. In order to keep the 
compression within reasonable limits the loads 
employed had to be decreased at the higher 
temperatures, but they were so chosen that there 
was some overlapping of the ranges covered at 
two successive temperatures. 

As mentioned above, the test specimens were 
approximately } inch in diameter and 3 inch in 
length. The diameter was determined by the 
material available, but considerable preliminary 
experimentation was done before the length 
chosen was found to offer the best compromise 
between two opposing difficulties. It was our 
purpose to study, so far as possibte, the intrinsic 
properties of the plastic material rather than 
behavior largely conditioned by the shape of the 
specimens. Longer specimens exhibited unsatis- 
factory behavior under compression, which might 
perhaps be described as slender column failure 
although the ratio of length to cross section was 
much less than that at which such failure occurs 
with non-plastic materials. The compression of 
much shorter specimens could not be measured 
with adequate accuracy, and ‘‘end effects’’ were 
more serious. 

When the compression of a specimen exceeded 
a few percent of its length, its form became 
noticeably ‘‘barrel shaped.’’ The compressions 
studied were limited to the range in which this 
effect was not serious, though its consequences 
may have been entirely negligible. 

Except at 25° all measurements were made on 
three specimens and the results reported are 
average values. To avoid uncertainties due to 
possible variability of composition the same speci- 
mens were used throughout at any given temper- 
ature. The measurements were made in the order 
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of increasing load to minimize the effects of 
previous strain history. At least one-half hour was 
allowed for recovery between successive measure- 
ments on the same piece. Recovery was within 
0.0002-0.0005 inch of the original length, except 
at the highest load and temperature where it was 
within 0.0008 inch. During the entire course of 
the measurements any permanent deformation of 
the specimens was so small as to be negligible. 

The compression was followed by visual ob- 
servation of the dial indicator. The first com- 
pression recorded was three seconds after the 
application of the load. Subsequent measure- 
ments were taken at suitable intervals, but 
terminated at 250 seconds. 


EXPERIMENTAL RESULTS 


Figures 1 and 2 show typical results of the 
compression measurements. They present the 
averages of three sets of measurements at 20° and 
at 50°C, respectively. Within the range of tem- 
peratures and loads investigated the relation be- 
tween the fractional decrease in length and the 
time ¢ (in seconds) is adequately represented by 
the equation 


log( — Al/lo) = mlog(r+t+al*)+logb. (1) 


The observations would have to be extended to 
considerably shorter times to evaluate the con- 
stant 7 with any accuracy, but to secure a good 
fit with the existing data during the early stages 


TABLE I. Constants of Eq. (1). 








Temp. Stress ° Inst. fract. Yo(kg/cm?) 
~— kg/cm? m comp. b a X105 «10-3 


20 12.9 0.0696 0.00258 0.0 
25.8 0.0855 0.00468 0.0 5.9 
51.6 0.192 0.00910 6.4 





25 7.67 0.065 0.00179 0.0 
12.7 0.066 0.00278 0.0 5.2 
19.0 0.072 0.00401 0.0 x 
25.6 0.096 0.00508 0.0 
30 7.67 0.0734 0.00232 0.0 
19.2 0.0952 0.00520 2.4 3.9 
32.0 0.171 0.00851 6.5 
40 3.79 0.0937 0.00252 6.0 (?) 
7.57 0.105 0.00432 2.8 1.9 
18.9 0.167 0.0104 5.8 
50 3.16 0.134 0.00253 3.2 
6.31 0.150 0.00466 2.6 13 
12.6 °° 0.208 0.0096 3.8 
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Fic. 3. Dependence of the con- 
stant b on stress at various 
- temperatures. 








° 10 20 30 
stress (kg /ent) 


of compression it seems necessary to give this 
constant a value different from zero. In plotting 
the data we have arbitrarily set r= 1 in all cases, 
and, as may be seen by reference to the figures, 
the fit is within the probable error. At moderate 
loads and temperatures the plots of log(—Al/I,) 
versus log(t+1) are straight lines within the time 
interval investigated. At higher loads and tem- 
peratures the plots show upward curvature which 
may be due in part to the deviation from 
cylindrical shape of the specimens when these are 
considerably compressed. This curvature may be 
taken into account in several ways. We have 
chosen to do so by the term in # in Eq. (1). 
Values of the constants m, a, and 6 fitting the 


TABLE II. Fit of compression measurements with relation: 
mF/A =a sinh(cF/A). 





Devia- 
tion of 
Stress, m (calc. calcu 
Temp. a r F/A m from lated m 
” (kg/cm?) (cm?/kg) (kg/cm?) (observed) Eq. (4)) percent 
20—=—1.09 0.0565 12.9 0.0696 0.0673 —3.3 
25.8 0.0855 0.0860 +0.6 
51.6 0.192 0.195 +0.16 
25 0.93 0.0643 7.67 0.065 0.062 —4.6 
12.7 0.066 0.067 +1.5 
19.0 0.072 0.076 +5.6 
25.6 0.096 0.091 —5.2 
30 =0.865 0.0790 7.67 0.0734 0.0726 —1.1 
19.2 0.0952 0.0979 +2.8 
32.0 0.171 0.168 —1.8 
40 0.92 0.103 3.79 0.094 0.097 +3.2 
7.57 0.105 0.104 — 1.0 
18.9 0.167 0.168 +0.6 
50 0.90 0.144 3.16 0.134 0.133 —().7 
6.31 0.150 0.143 —4.7 
12.6 0.208 0.214 +2.9 
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data at the various loads and temperatures are 
given in Table i. 

In giving a purely formal interpretation of 
Eq. (1), the constant b may be regarded as an 
“instantaneous” fractional compression which 
occurs immediately upon the application of the 
load. At any given temperature 0) increases 
linearly with the load, well within experimental 
error, as may be seen in Fig. 3. The failure of 
some of the plots to pass through the origin is 
believed to result from residual “end effects” 
previously mentioned. In previous work it was 
found that improvement in the technique of 
preparing specimens always reduced the zero- 
load intercept of these plots. From the slopes of 
the straight lines of Fig. 3 one may calculate a 
fictitious “instantaneous Young’s modulus” by 
the relation: 


db 
Yo(kg em?) =1 / . P (2) 
d(F/A) 


where F is the load in kilograms, and A the cross- 
sectional area of the specimen in square cm. 

Theconstants 6 or VY, have a simple dependence 
on temperature which is very well expressed by 
the relation: 


Yo(kg, cm?) = 1.343 exp( = 10,300, 1.9867), (3) 


where T is the absolute temperature. 
The constant m of our empirical equation 
shows a rather complicated dependence on load 


- and temperature. The available data are not 


adequate to determine uniquely this relationship, 
but the load dependence is represented, within 
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experimental error, by the equation : 


mF/A =a sinh(cF/A). (4) 


” 


With the available data considerable latitude is 
permitted in the choice of the constants a and c, 
but in Table II pairs of constants are given at 
each temperature which represent the data with 
the accuracy shown in the final column of the 
table. 

In the range investigated, the constant a does 
not change greatly with temperature. The tem- 
perature dependence of c is well represented by 
the relation: 


1 — 6370 
c=— exp(- ees 14.30), 
T 1.9867 


as may be seen in Fig. 4. 


DISCUSSION OF THE RESULTS 


At any one load and temperature the behavior 
of our material, as represented in Eq. (1), could 
doubtless be simulated by a model consisting of 
spring and dashpot elements having an appro- 
priate distribution of relaxation times; we doubt, 
however, that the dependence of the rate of 
compression on load, which we have observed, 
could be accounted for in terms of a classical 
model without some rather arbitrary assumptions. 
This behavior appears to offer support for the non- 
Newtonian viscosity which has been assumed by 
Tobolsky and Eyring in their recent discussion of 
visco-elastic behavior.* 

These authors have discussed a simple model, 
which, under compression during times which are 
not too long, should show behavior represented 
by an equation of the form: 


— Al = B[In(¢+ 6) —Iné ], (5) 


where 6 and 6 are constants at a given load and 
temperature. Equation (5) is inadequate to fit our 
data over more than very short time intervals. 
This is to be expected, since the model on which 
it is based comprises a single dashpot element. A 
further elaboration of this model along the lines 


* See, for example, R. Simha, J. Phys. Chem. 47, 348 
(1943). 


A. Tobolsky and H. Eyring, J. Chem. Phys. 11, 125 
(1943). 
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already followed with classical models could 
probably be made to give satisfactory agreement 
with experiment, though the solution of the 
equations of motion presents mathematical 
difficulties. 

At the present time it does not appear possible 
to attribute any very definite significance to the 
constants of our empirical equation, but we may 
point out a relation between our observations and 
the behavior of the Tobolsky-Eyring model which 
may have some significance. From Eq. (1), the 
rate of fractional compression at any time is 
given by: 


d(—Al/l») 
eS. -——=mb(r+t)""', (6) 
dt 


if we ignore the term in #. At a time near the 
beginning of the compression, namely, when 
(r+t) =1, this rate is equal to mb or mF/A Yo. 
The observed load dependence of this quantity is 
given above in Eq. (4). It is precisely the same as 
the load dependence of the initial rate of com- 
pression of the model of Eyring and Tobolsky, as 





cT, em@kg! deg logarithmic. scale 
$ 











is 4 4 i 4 
rY) 32 33 34 3s 
(/T)xi0 > 


Fic. 4. Dependence of logcT on 1/T. 

may be seen by reference to their Eqs. (6).* The 
temperature dependence of mb or mF/A Yo is also 
very similar to that anticipated by these authors 
for their initial rate. To what extent this correla- 
tion has physical significance or is accidental can 
scarcely be decided until a more elaborate model 
has been discussed in detail. 
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An Oxide Replica Technique for the Electron Microscope Examination of 
Stainless Steel and High Nickel Alloys* 


E. M. Manva** anp N. A. NIELSEN** 
(Received September 15, 1947) 


An oxide replica method has been developed which is suitable for the electron microscope 
examination of the surfaces of stainless steel, nickel, and high nickel alloys. The oxide film is 
produced on the metal surface by oxidation in a molten nitrate solution and is chemically 
stripped from the base metal by a bromine-methanol solution. Replicas of this type have been 
used to study deep-etched structures, preferential etch attack, and secondary phases in austenitic 


and ferritic stainless steel and in nickel. 


HE oxide-film method of preparation of 
replicas for use in examining opaque sur- 
faces by electron microscopy has been developed 
to its greatest usefulness for the study of alumi- 
num and aluminum alloys. Mahl! originated this 
oxide-film replica technique for aluminum. Keller 
and Geisler®* have further developed and modi- 
fied the method and studied precipitates in age- 
hardened aluminum alloys. 
The general 
method are: 


advantages of an _ oxide-film 


(1) The replica consists of a thin oxide film produced on 
and stripped from the prepared specimen. As such, it 
represerts the actual surface layer of the metal. 








Fic. 1. Deep-etched 18-8-S-Mo stainless steel. (Bro- 
mine-methanol etch. Replica was shadowed with gold.) 
8500. 

* Presented at a meeting of the Electron Microscope 
Society on December 11, 1947. 

** Engineering Research Laboratory, Engineering De- 
partment, E. I. du Pont de Nemours and Company, 
Wilmington, Delaware. 

1H. Mahl, Zeits. tech. Physik 21, 17 (1940). 

2F. Keller and A. H. Geisler, Trans. Am. Inst. Mining 
Met. Eng. 156, 62 (1944). 

3F, Keller and A. H. Geisler, Metals Tech. T.P. No. 2108 
(October, 1946). 
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(2) Fewer artifacts are formed in this type of replica 
than in mechanically stripped replica films. 

(3) Excellent contrast and resolution can be obtained. 
Variations in surface composition resulting from the 
presence of secondary phases, precipitates, etc. affect 
the electron-scattering ability of the film and thereby 
result in improved image contrast and definition. 


The prime requirement of oxide replicas is that 
they should themselves be essentially ‘‘structure- 
less." Oxide films that are granular or porous or 
that possess considerable ‘‘fine structure” cannot 
adequately replicate the structural detail of the 
base metal. 

Oxide films from metals other than aluminum 
have been examined by electron microscopy. 
Gulbransen, Phelps, and Hickman* * have studied 
crystal size, shape, distribution, etc. in oxide films 
electrolytically isolated from metallographically 











Fic. 2. Deep-etched 18-8-S-Mo stainless steel. (Bro- 
mine-methanol etch. Replica was shadowed with gold.) 
8500X. 


*E. A. Gulbransen, R. T. Phelps, and J. W. Hickman, 
Ind. Eng. Chem. (Anal. Ed.) 18, 391 (1946). 

5 E. A. Gulbransen, R. T. Phelps, and J. W. Hickman, 
Ind. Eng. Chem. (Anal. Ed.) 18, 640 (1946). 
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polished specimens of numerous metals and alloys 
oxidized at high temperature in 0.1 atmos. of 
oxygen. Within the experience of the present 
authors, air oxidation does not generally produce 
“structureless” oxide films (at the magnification 
level of the electron microscope) but results in a 
porous or non-uniform type of film. Bennek et al.® 
have described an aluminum replica method for 
steel and examined oxide films produced on steel 
by concentrated chromate solutions. 


PREPARATION OF OXIDE REPLICAS 


Although no extensive investigation of oxida- 
tion procedures has been made, the authors have 
found that heat-tinting specimens of stainless 
steel, nickel, or high nickel alloys in a molten 
mixture of NaNO;—KNQO; (equal parts by 
weight) produces oxide films that, when stripped, 
serve as satisfactory surface replicas. The metal 
specimen is prepared by usual metallographic 
techniques, or it may simply be deep-etched with 
a suitable corrosive agent. The specimen is then 
immersed in the molten NaNO3;— KNO; until it 
is superficially oxidized to the extent that the 
surface shows a brown interference tint. A con- 
siderable degree of control of the oxidation condi- 
tions is possible, and visual inspection of the 
sample is sufficient to determine when the sample 
should be removed from the salt bath. For in- 
stance, a sample of deep-etched austenitic stain- 
less steel was oxidized for 5 min. at 800°F (425°C) 
to produce a satisfactory oxide replica film. How- 





Fic. 3. Deep-etched 18-8-S-Mo stainless steel. 
(Bromine-methanol etch.) 8500. 


°*H. Bennek, O. Riidiger, F. Stablein, and K. E. Volk, 
Arch. Eisenhiittenw. 15, 431 (1942). 





VOLUME 19, APRIL, 1948 


ever, there is considerable latitude in the time 
and temperature of oxidation, and an exact 
specification is not critical. 

After oxidation, the specimen is cooled in air, 
washed with distilled water, and dried. After }-in. 
squares have been scribed with a razor blade or a 
sharp-pointed instrument in the oxidized surface, 
the specimen is wholly immersed in a solution of 
bromine in methanol. The concentration of this 
solution is not critical. Nickel specimens require 
rather dilute solutions, 2—3 ml of bromine per 100 
ml of methanol, while a stronger concentration, 
7-10 ml of bromine in the 100 ml of methanol, is 
necessary for stainless steel specimens. The bro- 
mine solution attacks the film-free metal exposed 
along the scratches and effectively ‘‘undermines”’ 
the oxide film, freeing it from the metal. When 
the film is completely stripped (a matter of 
several minutes to several hours according to the 
metal composition) small squares of oxide film 
float free or cling loosely to the base metal. 
Gentle agitation of the solution or specimen 
serves to detach this film. The squares of oxide 
film are collected with a piece of 200-mesh wire 
screening and are washed by transfer through 
successive dishes of fresh methanol. The indi- 
vidual squares of film are then caught on a 
microscope screen, dried, and examined in the 
electron microscope. 

If a particular area on the metal specimen is to 
be examined, this area only is originally scribed in 
the metal surface. The one square of film is easily 
isolated for investigation. 








Fic. 4. Grain boundary in sensitized 18-8-S-Mo stainless 
steel. (Etched electrolytically with 10 percent oxalic acid 
after metallographic polish.) 8100. 
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Fic. 5. Stereograph of grain boundary in sensitized 18-8-S-Mo stainless steel. 
(Metallographic polish, electrolytic oxalic acid etch.) 4800. 


ELECTRON MICROGRAPHS OF OXIDE REPLICAS 


The accompanying figures are examples of 
electron micrographs of surface oxide replicas 
prepared by the above technique. Figures 1-3 
illustrate a deep-etched structure (bromine- 
methanol etch) found in 18-8-S-Mo stainless steel. 
The action of the etchant has been to corrode 
preferentially the (111) planes. This is most 
clearly shown in Fig. 1. In Fig. 2 small octahedra 











formed as a result of this preferential corrosion 
mechanism are to be seen in relief from the plane 
of the base metal. Figure 3 shows the junction of 
two (111) planes. “Etch-steps’’ have formed in 
these planes and the planes themselves are 
minutely etched. 

(Note: Before examination in the electron microscope the 


replicas of Figs. 1 and 2 were ‘‘gold-shadowed.”’ The effect 
of the shadowing was only to “spot’’ certain crystalline 





Fic. 6. Stereograph of deep-etch structure in 18-8-S-Mo stainless steel. (Bromine-methanol etch.) 7500. 
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Fic. 7. Deep-etched 15-16 Cr stainless steel. (a) Top: 
Bromine-methanol etch. 7750. (b) Bottom: Sulfuric acid 
etch. 8500. ; 


facets which were normal (or nearly so) to the path of 
evaporation. Metal shadowing did not enhance the resolu- 
tion and image contrast. ) 


Figure 4 is an oxide replica of a polished and 
lightly etched specimen of sensitized 18-8-S-Mo 
stainless steel. What are commonly termed 
“grain-boundary carbides” are in this instance 
only holes along an etched-out grain boundary. 
The effect of holes is more clearly evident when 
stereographs are examined (Fig. 5). Stereographs 
have also been effectively used on deep-etched 
structures (Fig. 6). The same effects have been 
obtained by preparation of Polaroid vectographs 
of these stereomicrographs. 

Chemical stripping of oxide films from ferritic 
stainless steels is accompanied by the production 
of gray-black powder, resulting in contamination 
of the oxide film. Even after careful washing in 
methanol, particles of this powder still adhere to 
the replica. Figure 7a is an electron micrograph 
of a bromine-methanol-etched surface of 15-16 
percent Cr stainless steel. Some development of 
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Fic. 8. Structure of 27 Cr stainless steel. (a) Top: 
Metallographic polish, Vilella’s etch. 8500. (b) Bottom: 
Same. 8500. 


crystalline facets can be seen. The oxide film 
itself appears perfectly structureless. In Fig. 7b 
the corrosive attack of sulfuric acid on the same 
alloy has resulted in development of some cubic 
faces. Figures 8a and 8b are micrographs of 27 





Fic. 9, Sigma and austenite in 25-12-Cb stainless steel. 
(Metallographic polish. Dilute nitric-hydrochloric acid 
etch.) 7750X. 
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(a) 








(b) 








Fic. 10. Deep-etched nickel. (a) Top: Bromine-methanol 
etch. 8500. (b) Bottom: Nitric acid-acetic acid etch. 
8500. 


percent Cr stainless steel. The film is heavily 
contaminated with the dense ‘‘corrosion product 
powder,”’ but particles believed to be carbides can 
be seen interspersed. The carbides apparently 
have suffered varying degrees of etching; those in 
Fig. 8b show what appear to be prism faces. 
Figure 9 was made from an oxide replica of a 
specimen of 25-12-Cb stainless steel containing 
“islands” of sigma-phase. The micrograph shows 
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the junction between sigma and austenite and 
indicates that the metallographic etchant pro- 
duced very severe corrosion at the junction of the 
two phases. The sigma apparently corroded 
preferentially to the austenite. 

The effects of different etching treatments are 
again illustrated by the micrographs of oxide 
replicas from nickel surfaces. A bromine-methanol 
etch (Fig. 10a) developed a closely spaced series 
of ‘‘etch steps.” A nitric-acetic acid etch (Fig. 10b) 
produced a surface showing none of these effects, 
but instead a rather rounded, hilly topography. 
This type of structure might more logically be 
expected from a face-centered cubic structure 
such as nickel. 

The above figures show the extent to which this 
type of oxide replica has been investigated by the 
authors. The work has not included a direct 
comparison with other techniques, for instance, 
the silica replica method. The present information 
is being presented in the hope that it will be of 
use to other investigators. 


CONCLUSIONS 


1. An oxide replica technique that is applicable 
to the stainless steels, nickel, and high nickel 
alloys has been developed. 

2. The technique has been shown to be useful 
in the study of deep-etch structures, preferential 
corrosion mechanisms, and etching attack. Sec- 
ondary phases such as carbides, sigma-phase, etc. 
are effectively reproduced for study by this type 
of replica. 
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The Head-On Collision of a Shock Wave and a Rarefaction Wave in One Dimension 


H. E. Moses 
Department of Engineering Research, University of Michigan, Ann Arbor, Michigan* 


(Received October 20, 1947) 


A procedure for investigating the strengthening of a shock which collides head-on with a 
rarefaction wave is suggested and is carried through for the case in which the entropy jump 
across the shock is small enough to be negligible. 





I. INTRODUCTION 


HE problem which is considered in the 
present paper is the strengthening and 
acceleration of a shock which moves in such a 
way that it collides with a rarefaction which ap- 
proaches the shock from the low pressure side. 
Such a collision may be thought to take place in 
a semi-infinite tube as shown in Fig. 1. The x axis 
is taken to be the axis of the tube. A piston is 
initially moving toward the left with a constant 
velocity less than that of sound and the gas in the 
tube moves with the same velocity. (The restric- 
tion on the initial velocity of the piston is not 
essential; it is merely convenient for the purpose 
of describing the phenomenon.) When the piston 
reaches the position x=0 at time ¢=0, it is 
assumed that the piston accelerates in some 
manner toward the left and thus produces a 
simple rarefaction wave which moves toward the 
right. At a large positive value of x a shock wave 
whose low pressure side faces the origin is as- 
sumed to exist. The shock wave will move toward 
the origin with uniform speed and constant 
strength until it meets the oncoming rarefaction 
wave at a distance L from the origin. The shock 
will then accelerate and be strengthened as it 
meets the gas of decreasing density. Further- 
more, the entropy jump across the shock, which 
is constant as long as the shock moves through 
the gas which has not yet been disturbed by the 
rarefaction, will increase. Thus an entropy wave 
which moves with the fluid will be formed on the 
high pressure side of the shock so that the flow on 
the high pressure side of the shock is no longer 
isentropic. 
In reference 1 Courant and Friedrichs consider 
the interaction discussed above and conclude 





*Now with Department of Physics, Columbia Uni- 
versity. 
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that the final result of such an interaction will be 
a shock wave moving towards the left and a 
rarefaction wave moving toward the right, sepa- 
rated by a zone of gas of varying entropy.' The 
calculations in the present paper have been made 
with these results kept in mind and will describe 
in more detail than is given in reference 1 the 
actual process of interaction between the shock 
and rarefaction waves. 

It might be pointed out that the collision be- 
tween the shock wave and rarefaction wave as 
discussed in the present paper is an idealization 
of processes which occur in intermittent jet 
engines and supersonic wind tunnels which oper- 
ate by permitting air from the outside atmos- 
phere to pass through the tunnel into a low 
pressure reservoir. 


II. PROCEDURE 


Before discussing the interaction between the 
rarefaction and shock, the properties of the 
rarefaction and shock waves will be reviewed 
briefly. The terminology of reference 2 will be 
used throughout.’ 

A simple wave in non-steady, one-dimensional 
flow refers to a special isentropic flow in which 
the fluid velocity, pressure, density, and speed of 
sound assume constant values along each straight 
line of a one-parameter family of straight lines in 
the x—t plane. These values in general differ 
from line to line of this family. For general non- 
steady one-dimensional flows, two families of 
curves in the x—¢ plane play particularly im- 
portant roles. These curves are called the charac- 
teristic curves and are defined by the differential 





1R. Courant and K. Friedrichs, ‘Interaction of shock 
and rarefaction waves in one-dimensional motion,’’ OSRD 
Report No. 1567. 

2“Supersonic flow and shock waves (shock wave 
manual),’’ AMP Report 38.2R. 
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equations dx/dt=u+c, where u is the velocity of 
the fluid and c is the local velocity of sound. 
When the flow is a simple wave, one family of 
these characteristics is the family of straight lines 
discussed above. A fundamental theorem on 
simple waves says that flows adjacent to flows of 
steady state are simple’ waves. Hence, the rare- 
faction wave described above, produced by ac- 
celeration of the piston, is a simple wave, since 
the fluid is initially in a steady state. Jn the pres- 
ent case the family of characteristics which are 
straight lines is that one which has the plus sign. 
In a simple wave the pressure p, the density p, 
and the velocity of sound c are related to the 
velocity of the fluid by the following formulas: 


- 


y—lu-—uyeruo 


1+ - : (1) 


y-1 —- 
p= Pi 7 . 


yp! y—-lu-u, 
sa(MYefitIt=™  o 
p 2 C; 


where subscript 7 refers to the initial constant 
state of the gas before the rarefaction has affected 
the flow and y¥ is the ratio of specific heats. 

The properties of shock waves will now be dis- 
cussed. Let the subscripts 0 and 1 refer, respec- 
tively, to the low and high pressure sides of the 
shock. There are three shock conditions which 
arise from the conditions of conservation of mass, 
momentum, and energy across the shock. These 
relations can be written , 








oe mwPe 

po'Vo" = pop1——— = p21", (4) 

Pi Po 
Pollovo + Po = piliwitpi, (5) 

u’potpr 
a“. (6) 

wu’ Pit po 

In the above equations 

Vp =Un— Xi, (7) 
V1; =UW1—%, (8) 


where x, indicates the position of the shock and 
the dot indicates differentiation with respect to 
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time, so that #, is the velocity of the shock. The 
constant yp? equals (y—1)/(y+1). 

It will be convenient to measure the shock 
strength in terms of the excess pressure ratio 
£=(pi1—po)/(po). In terms of £ the shock condi- 


tions may be written 


Vo =Co(1+vé)}, (y= 1 ‘(1+4y’)), (9) 


& = (yvo0/Co")(Uuo— U1), (10) 
and from (9) and (10) 


— vy(U;— Uo) 


— 


2 
p*y"(uy— Uo)” ; 
+(“ ee tat), (11) 
4 
vy(ui— Uo) 
42°? 
2 
py?(uy— Uo)? , 
-( hit —+at), (11a) 
4 
— Cot 
uU,— Uy = — Sa ee (12) 
(1+ vé)? 
(1+£)(1+vy7E)\! 
anol = -) (13) 
(1+ vé) 


The process of interaction will now be con- 
sidered. The quantities on the low and high 
pressure sides of the shock before the interaction 
will be denoted by the subscripts A and B, re- 
spectively. Thus, before the interaction of the 
shock wave and rarefaction wave p; = pz, 41= Up, 
ypi=ps, Ci=Cp, Po=Pa, Uo=Ua, Po=Pa, Co=Ca. 
Using this notation Eqs. (1), (2), and (3) may be 
rewritten as follows: 


Fy 1 to — ua Plo 

Po= Pa — ee ’ (1a) 
a Ca 4 
ry 1 yp — ua Plo 

po= pal 1+ ; cae | ’ (2a) 
3 CA 
ry 1 Uo— ta) 

comes 147— A] (3a) 
‘ CA 4 








Since in the wave uo <ua4 (uo and wu, are negative 
in our coordinates), it is seen that po< pa, po<pa, 
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Fic. 1. Collision between shock and rarefaction wave. 


co<ca. Furthermore, the head of the wave 
travels with velocity uw4+ ca. 

Furthermore, if £; denotes the excess pressure 
ratio of the shock before interaction, then 


—Cabi 
42-8, = ———— (12a) 


y(1+vé)} 


The rarefaction wave is completely deter- 
mined by the velocity with which the piston is 
withdrawn from the tube. It will, therefore, be 
assumed that uo, hence also fo, po, co are known 
functions of x and ¢. 

It is the problem of the present paper to find 
Xi, 41, “1, & as a function of time as the shock 
wave moves along its path. If u is known as a 
function of uo, then the differential Eq. (11a) can 
be solved to give x:(¢) and #,(t). Then also £(¢) 
can be found from (10). Therefore, in addition to 
Eq. (11), another relation between vo, uo, “1 is 
needed so that vo, “; can be solved in terms of uo 
alone. Having found x; as a function of u; the 
procedures outlined above can be used to find the 
desired quantities. 

As explained previously, the fluid on the high 
pressure side of the shock wave is not isentropic. 
Consider the shock at a given time. The region on 
the high pressure side can be divided into small 
regions in which the pressure, density, velocity, 
and entropy are considered constant. In par- 
ticular consider the small region immediately 
adjacent to the shock. The fluid particles which 
have just passed through the shock will move 
toward the left with a velocity greater (i.e., more 
negative in the coordinate system chosen) than 
the fluid in the small. region being considered. 
Hence the particles which have just passed 
through the shock may be considered the front of 
a rarefaction wave which will pass through the 
small region. Inasmuch as the fluid is isentropic 
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in the region considered, Eq. (1) describes the 
relation between pressure and velocity. 
In Eq. (1) we shall write 


pP=pP1, U=mW, C=C, 
Us=U1+AN,, Ci=C,+ACi, (14) 
Pi=phitApi, 


passing to the limit, the following differential 
equation is obtained: 


dp;/du,=ypi/c1. (15) 


By means of Eqs. (12), (13), and (1a), Eq. (15) 
can be converted into a differential equation 
with £ and up as variables. By integrating this 
differential equation, a new relation which gives £ 
as a function of wu» is obtained. By substituting 
for — in (12), w1—wo is found as a function of uo 
alone, and the procedure outlined above may be 
used to find x;(¢), #:(¢), &(¢), and finally u,(é). 

A particularly simple and interesting case is 
the one in which the shock is weak. As shown in 
reference 2, the entropy jump across a suffi- 
ciently weak shock is proportional to #. Thus if 
the shock is so weak that all powers of & higher 
than the second can be neglected the fluid on the 
high pressure side of the shock can be considered 
isentropic. . 

When the value of c; corresponding to isentropic 
flow is substituted in (15), we obtain 


y-1 U;—Up 2y/(y—-1) 
p= pal 1+ =| ; (1b) 


CB 





This result was to be expected from the manner 
of derivation of (15). It is also to be expected 
from the fact that we have a non-uniform 
isentropic state adjacent to the constant state 
given by pz, Up, ps, therefore the wave on the 
high pressure side of the shock must be a simple 
wave and the simple wave relations must hold. 
From (1b) 


y¥—1uy—ugpyo 


2 
= —14(14+8)——___—___—_ 


, 
y- 1 Up — Ua) 2y/(y—-1) 








and (13) may be replaced by its isentropic 
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counterpart 


Co/er = (1+ E)O-Y 27, 
From (17) 


Ca/Cp=(14+&)% avy. (17a) 


For the special case of weak shocks, which is to’ 


be treated, the general procedure outlined above 
will be modified as follows: From the nature of 
the problem it is expected that u; can be ex- 
panded in powers of &;. 


U1( £1, Uo) =fa(uo) + Ei fii(uo) + Er fo(uo) T°*. (18) 


The functions fo, fi, etc. will be sought. 
Using (18), (17a), and (12a) in (16), £ is obtained 
as a power series in £; which involves the f;’s as 
coefficients. This series is not valid beyond the 
second power of £, because of the assumption of 
isentropic flow. The expression for — so obtained 
is substituted in Eq. (9) to obtain vp in an ex- 
pansion in &, which again will not be valid 
beyond the second power of £;. By substituting 
u, as given by Eq. (18) into Eq. (11) an alter- 
native expansion of v» in powers of £, is obtained. 
Comparison of the coefficients of powers of £, of 
both expansions yields the functions fo, f;, and fe. 

Having found these functions, u; is known as a 
function of uo; and x4, #1, £, 41, ue can be found as 
functions of time as the shock moves along its 
path, as explained previously. 


III. RESULTS 
A. Infinitesimal Shocks 


For initially infinitesimal shocks £,=0. It is 
easily verified that fo=uo and that §=0. There- 
fore, an infinitesimal shock remains an infini- 
tesimal shock when passing through a rarefaction 
wave. 

Furthermore, %; = u9— Co, which is the equation 
of a backward characteristic of the simple wave. 
Hence, infinitesimal shocks move along the 
‘characteristics of the simple wave. This result 
was to have been expected from the role played 
by characteristics as propagators of small 
disturbances. 


B. Weak Shocks 


Weak shocks are defined as those shocks for 
which the powers of ~ higher than the first can be 
neglected. 
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It is found that f;= —c,4/y. Furthermore, to 
this approximation 


Uy— Up =—uo— ta, 


(19) 


which shows that for weak shocks the increase in 
the velocity of the fluid behind the shock is equal 
to the increase in velocity which occurs ahead of 
the shock, or to put the result in different words, 
the velocity of the fluid behind the shock differs 
from the velocity ahead of the shock only by a 
constant. 

The differential equation for the position of the 
shock is 


1 = uot (vy/2) (uz —Ua) —Co. (20) 


The path followed by a weak shock is, there- 
fore, no longer a characteristic of the rarefaction 
wave. Moreover, since ug—w, is negative, the 
shock wave will travel faster than the velocity of 
an infinitesimal disturbance (i.e., a sound wave) 
through the rarefaction region. 

The strength of the shock as measured by its 
excess pressure ratio increases as it passes through 
the rarefaction region. The expression for & is 


(21) 


From (3a) it is clear that co/c4 decreases so that £ 
increases. An initially weak shock may, therefore, 
become strong when interacting with the rare- 
faction. 

In order to present a specific example of the 
method of finding the velocity of shock and of the 
fluid before and behind the shock, a special 
rarefaction wave will be considered, namely, the 
rarefaction wave which results when the piston 
undergoes infinite acceleration in changing its 
initial velocity u4 to some final constant velocity. 
Such a rarefaction wave is called a centered rare- 
faction wave. The velocity up» is given by 


&= £1(C4/Co). 


(22) 


For simplicity, c4 will be taken equal to unity, wa 
will be taken equal to zero, and the distance from 
the origin to L at which the shock and rarefaction 
interact will also be taken as unity. Likewise the 
time interval required by the head of the rare- 
faction wave to move from the origin to the 
position x=L will be taken as unity. These 
simplifications correspond merely to a choice of 
units and a frame of reference from which the 
phenomenon is viewed. 


Uo—Ua = (1—p?)[(x/t) —ca—Ua]. 
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Then for ¢>1 


4(1—y’)—up 











4yu2(1 —y*) 
4(1—p’)?—upz 
—- —_— —|. (23) 
4u?(1—p") 
E —p*)(1—2y*?)—up(l—2y*) 
t, =| cei —“-CC4 
, 4u2(1—p2) 
4(1—p*)?—upz 
==") gg 
4u?(1—yp?) 
ftw) ue 
u(t) =(1-n . on 
4u?(1—p?) 
4(1—y?)*—up 
~ -1|, (25) 
4u°(1—p?) 
u(t) =uo(t) +up, (26) 


and the various quantities which are desired are 
completely solved for. 


C. Moderately Strong Shocks 


A moderately strong shock is one in which all 
powers of higher than the second can be neglected. 
For such shocks it is found that 


f2=(v/2y)ea. (27) 


Therefore, “4; —ug=uUo—ua as for weak shocks. 
This result is somewhat surprising, inasmuch as 
one might expect the relation between u; and uo 
to be non-linear for moderately strong shocks. It 
therefore appears from this point of view that 
instead of using the excess pressure ratio as a 
criterion of shock strength it would be more 
satisfactory to use the non-dimensional velocity 
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difference (u;—uo)/co. Thus, weak disturbances 
might better be defined as those such that all 
powers of (u1—uo)/co beyond the first may be 
neglected. However, we shall continue to use our 
original definition. 

For moderately strong shocks the excess pres- 
sure ratio is given by 


CA y+1 /€a 
€é=f—,1+ fy =-1) , (28) 

Co 4y Co 
Since c4/co>1, the strength of the moderately 
strong shock increases at a faster rate than that 


of a weak shock in terms of c4/co. Also the equa- 
tion of motion of the shock is 





" y2v?(ug—ta)? 
£1 = Uo +—(up—ta) —Co— ’ (29) 
2 8Co 





which shows that the moderately strong shock 
travels faster through the rarefaction region than 
the weak shock. 

As before, when up is given as a function of x 
and t, (29) may be integrated to give the position 
and velocity of the shock as a function of the 
time and then x;, #1, uo, “1, § may be found as 
functions of the time or position of the shock. 
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Preferred Orientation Determination Using a Geiger Counter 
X-Ray Diffraction Goniometer 


B. F. Decker, E. T. Asp, AND D. HARKER 
General Electric Research Laboratory, Schenectady, New York 


(Received October 30, 1947) 


A simple and accurate method of determining pole figures by using a special sample mount 
with a Geiger counter x-ray diffraction goniometer is described and examples given. Also, 
a correction formula is derived which takes into account absorption change and change in 
diffracting volume as the sample changes position with respect to the x-ray beam. 


METHOD has been devised to determine 

pole figure data by use of a Geiger counter 
x-ray diffraction goniometer. It has three impor- 
tant advantages over the photographic method: 
(1) greater speed, (2) more accuracy, and (3) elim- 
ination of the pole figure chart. When only one 
quadrant is needed to describe a preferred ori- 
entation, all data may be taken and the pole 
figure constructed in approximately two hours. 

A special sample holder of simple design is re- 
quired (see Fig. 1). The base of the holder is 
circular with degrees marked. A shaft which may 
be rotated about its axis fits in the center of the 
base. A flange fastened to the shaft has a scribe 
mark on it which passes over the degree marks on 
the base as the shaft turns, enabling one to read 
the amount of rotation of the shaft. Mounted in 
a circular groove on the top of the shaft is a 
vertical ring which may be turned in the groove, 
thus giving rotation about the axis of the ring. 
The ring is marked in degrees, and a scribe mark 
on the edge of the groove permits one to read the 
amount of rotation of the ring. The sample is 
mounted in the center of the ring (using Scotch 
tape, plasticene, etc.). The entire sample holder 






| GEIGER 
[] | COUNTER 
SOURCE 

OF x-RaY 





Fic. 1. Special sample mount used for preferred 
orientation determinations. 
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fits on the machine in the same place as the 
normal specimen holder so that the center of the 
vertical ring is in the direct x-ray beam and at the 
center of the spectrometer arc. (Fig. 2.) Also, 
the sample holder moves through an angle @ as 
the Geiger counter moves through 26. Thus, the 
angle scale on the base may be inscribed so that 
the zero setting of the shaft will bring the vertical 
ring into position to bisect the angle between 
incident and diffracted rays for any value of 6. 
In operation, the Geiger counter is moved into 
position to receive the diffracted beam from the 
family of planes being studied. When the shaft is 
in its zero position, the intensity measured by the 
Geiger counter is due to diffraction by vertical 
planes normal to the plane of the vertical ring, 
whose poles, therefore, lie in directions parallel to 
the horizontal diameter of the vertical ring. 
(Fig. 3.) If the plane of the pole figure is taken 
to be the plane of the vertical ring this intensity 
is recorded at each end of the horizontal diameter 
of the pole figure. Now, let the shaft be moved 
from its zero position mn degrees clockwise as 
viewed from above. In this position the intensity 
measured is the result of diffraction by vertical 
planes located n degrees counterclockwise from 





Fic. 2. 
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the vertical planes normal to the surface of the 
specimen. (Fig. 4.) This intensity is recorded 
on the horizontal diameter of the pole figure n 
degrees from the circumference in the left half of 
the pole figure. Similarly, counterclockwise mo- 
tion of the shaft yields data for the portion of the 
horizontal diameter in the right half of the pole 
figure. If the same procedure is followed with the 
vertical ring moved to a new position in its 
groove, data are obtained for another diameter of 
the pole figure, the angular separation from the 
horizontal diameter being equal to the amount of 
rotation of the vertical ring. In this way, the 
entire pole figure may be covered except for the 
central portion—which is barred when the speci- 
men mount obstructs the x-rays. 

The location of data on diameters eliminates 
the pole figure chart. Only a polar net (Fig. 5) is 
required, and the same net is, of course, appli- 
cable to all materials and all wave-lengths, since 
the only change in going from one material to 
another or one wave-length to another is the 
position of the Geiger counter. 

For sheet specimens a correction may be ap- 
plied according to the formula 


Fanhouse. —- Z aadtin, x Io Tsun 





where 
ul exp[ —ut/cosé | 
Io +a eS —_———— ee 
cosé 
[cos(@+a) /cos(@Fa) ]—1 
xX I ARN en, NO 


exp[ — ut/cos(@+a) |—exp[ —yut/cos(@Fa) | 
This formula takes into account absorption 
change and change in diffracting volume as the 
shaft of the sample holder is rotated +a° from 
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its zero position. The plus sign refers to counter- 
clockwise and the minus sign to clockwise motion. 
I/Isa is the ratio of intensities at 0° and +a° for 
a randomly oriented sample. u is the coefficient of 
absorption of the material and ¢ the thickness. 
Since » and ¢ only appear as the product ul, a 
measurement may be made for each sample 
simply by taking a reading of the Geiger counter 
using a diffracted beam from any sample whatso- 
ever, then repeating this reading with the sample 
to be measured placed in front of the Geiger 
counter window; the ut desired may be calculated 
from these two readings using the well-known 
absorption formula 


2= Toe". 


(Derivation of the correction formula is given in 
the appendix.) 

Tocheck' the validity of this correction formula, 
data were taken using the AgBr in an x-ray film 
as a randomly oriented sample. Comparison of 
observed and corrected intensities is given in 
Table I. Note that the corrected intensities are 


TABLE I. 


(10-mil slit at source) 
No slit at counter 
(scale 32; time 32) 


AgBr (x-ray film) (220) 
i-mm slit at counter 
(scale 16; time 64) 


a (lq) obs. (Jq) corr. (Iq) obs. (Jq) corr. Va/Vo 
— 50° 125 209 48 80 1.054 
—40 157 211 60 81 0.977 
— 30 172 209 67 81 0.938 
— 20 188 213 69 78 0.929 
—10 196 210 73 78 0.949 

0 208 208 79 79 1.000 

10 223 207 84 78 1.092 

20 242 204 90 76 1.245 

30 246 186 97 74 1.501 

40 279 187 102 68 1.965 


50 286 169 104 62 2.973 
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Fic. 5. Stereographic polar net. 


equal to the intensity at a=0 for values of a from 
—50° to +20°, after which a decrease appears. 
This is even true when no slit is used at the 
counter, so it cannot be caused by the cutting off 
of part of the diffracted beam by the counter slit. 
The decrease in corrected intensities parallels a 
decided increase in diffracting volume V, (or 
diffracting path length since the cross section is 
constant) so it may be due to extinction of the 
primary beam, or some other function of volume 
or path length. However, it is unnecessary to use 
positive values of a in making a pole figure, since 
the same region may be studied using negative 
values simply by rotating the vertical ring 
through 180°. In this way, the unexplained 
deviations are avoided. 

Examples of pole figures determined by the 
method described above, showing concentration 
of (100) poles in rolled copper, are given in 
Figs. 6 to 8. Only one quadrant of the pole figure 
is reproduced since the other three quadrants 











Fic. 6. (100) pole figure of Cu cold-rolled 99.5 percent, no 
corrections applied. 
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may be obtained by mirror reflections of this 
quadrant. Intensity measurements were taken 
for every 10° of rotation of the shaft and the 
vertical ring, and also at positions of intensity 
maxima when they did not occur at these regular 
locations. The diameter of the dot at each posi- 
tion is a measure of the intensity relative to the 
maximum intensity. Ten intensity ranges were 
used in plotting the figures. The central portion 
within the dotted line could not be covered be- 
cause of the obstruction of x-rays by the sample 
mount. Figure 6 is the (100) pole figure of Cu 
cold-rolled 99.5 percent, no corrections applied. 
Figure 7 is the same pole figure after correction 
according to the formula given above. Figure 8 
is the corrected (100) pole figure of 99.5 percent 
cold-rolled Cu which had been annealed for a half 
hour at 400°C. 


APPENDIX 
Derivation of the Correction Formula 


For a sheet specimen the relative intensities of 
the diffracted beam for different positions of the 
sample are not true measures of the orientation in 
the sample since a change in the inclination of 











Fic. 7. Corrected (100) pole figure of Cu cold-rolled 
99.5 percent. 


sample to beam changes the diffracting volume 
and the path length within the sample. A correc- 
tion may be made which eliminates the effects of 
these changes leaving only crystallite orientation 
as a cause for change in intensity. 

Assume a sample with random orientation. 
Rotation of the vertical ring about its axis brings 
about no change in the inclination of sample to 
beam, so only rotations of the shaft need be con- 
sidered. The diffracted intensities for the zero 
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position of the shaft (a=0), and positions at- 
tained by counterclockwise (+a) and clockwise 
(—a) rotations of the shaft will be calculated. 
Figure 9 shows the path of a ray for a=0 where 
A=incident intensity, dJ)>=intensity diffracted 
from an element of thickness dx, t= thickness of 
sample, @= Bragg angle, x=path length within 
sample before diffraction occurs, (¢/cos@)—x 
=path length of diffracted beam within sample, 
and t/cos@ = total diffracting path length. If yu is 











CRO 


Fic. 8. Corrected (100) pole figure of Cu cold-rolled 99.5 
percent and annealed for 3} hr. at 400°C. 


the coefficient of absorption of the material, the 
incident diffracting intensity at distance x is 


A éxp[ —px ]. 


Let D be the fraction of incident intensity dif- 
fracted at any point in the sample. D is a con- 
stant for random orientation. Then, for a dif- 
fracting element of thickness dx, the diffracted 








Fic. 9. 
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t-xcos (O+a) 
cos(-a) 


Fic. 10. 


intensity transmitted is 


t 
dIy=A exp[ —ux |Ddx exp| — —-x)| 


cos@ 


To get the total diffracted intensity transmitted, 


this must be integrated from x=0 to x=t/cosé: 


t/cos@ 
Iy)=AD exp[ —ut/cosé | f dx 
0 
=AD(t/cos@) exp[ —ut/cosé ]. 


Figures 10 and 11 show the path of a ray for 
+aand —a. The changes in dimensions from the 
a=0 case are shown on the diagrams. A similar 
treatment gives the result: 










thos(8-a) 


— 


t-xcos(8-a) 


d1_, 
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t/cos(é+a) 
Ine=AD f exp[ — ux jdx 


0 


t—x cos(@+a) 
xexn| _-—————— 
cos(@F a) 
AD 
cos(@+a) 
a 
cos(0F a) 


< Lexp[ — ut/cos(@+a) ] 


—exp[ —yut/cos(@Fa) }], 





and the factor for changing observed intensity at 
a to corrected intensity for comparison with 
observed intensity at a=0 is 


ut exp[ — ut/cosé | 





Io/Isa= : 
cos 


[cos(@+a) /cos(@Fa) ]—1 


exp[ —ut/cos(@+a) ]—exp[ —yut/cos(@Fa)) 








Effect of Radiation on the Rate of Burning of Solid Fuel Rocket Propellants* 


S. S. PENNER** 
Allegany Ballistics Laboratory, Cumberland, Maryland 
(Received November 21, 1947) 


The temperature rise of powder grains in different rocket motors, resulting from the absorp- 
tion of radiant energy, has been computed by the method of Avery. The calculated results 
show that more radiant energy is absorbed by the powder grains in large service rockets than in 
small experimental test motors. The increase in powder temperature before burning, associated 
with the absorption of radiant energy, leads to an increase in the average rate of burning of the 
solid fuel charge. The differences in burning rate produced by the absorption of radiant energy 
amount to less than four percent for the rocket motors commonly employed. Thus burning 
rate results obtained in small test motors may be applied to predict the approximate behavior 


of the same propellant in a large service rocket. 


INTRODUCTION 


HE effect of rocket chamber size on the 
average burning rate was first discussed by 
Beek! and then by Dresher and McClure.? Re- 
sults similar to those obtained by these authors 








*This is the second of three articles abstracted from 
OSRD report No. 5251, which was written in 1945 at the 
Allegany Ballistics Laboratory. The work was carried out 
under OSRD Contract OEMsr-273 with the George 
Washington University, Washington, D.C. The original 
paper was reissued as Part IV of OSRD Report No. 5817. 
A summary of the original paper is given in the Bibli- 
ography of Scientific and Industrial Reports, Office of 
Technical Service, Department of Commerce, 3, No. 4 
(Oct. 1946). The PB number is 34764. The radiation pro- 
gram at the Allegany Ballistics Laboratory was initiated by 
the Director of Research, Dr. R. E. Gibson. Dr. W. H. 
Avery, to whom the author is indebted for advice through- 
out the course of the work, directed the radiation studies. 
The author is indebted to the Editorial Staff of the Jet 
Propulsion Laboratory, California Institute of Technology, 
for material aid in preparing this paper for publication. 

** Present address: Jet Propulsion Laboratory, California 
Institute of Technology, Pasadena, California. 

Ke Beek, Jr.,. OSRD Report No. 5817 (Dec. 1945), 
Part I. 

2M. J. Dresher and F. T. McClure, OSRD Report No. 
5817 (Dec. 1945), Part III. 
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may be derived in a relatively simple manner by 
application of Avery’s* method for the determi- 
nation of the powder temperature rise associated 
with the absorption of radiant energy. 

Many rockets use solid fuel, perforated, cylin- 
drical powder grains as fuel. A representative 
grain of this type is shown in Fig. 1. The powder 
grain is supported by means of a solid wire trap 
passing through the axial perforation of the 
cylindrical grain. During burning the entire 
powder surface is ignited and recedes in a direc- 
tion normal to itself. There are small differences 
between the burning rates at different parts of 
the powder grain. These differences are, among 
other things, the result of differences in the 
radiation path length above the burning powder 
surface. The determination of the dependence of 
the burning rate on the radiation path length 
forms the subject of this article. 
~ 8W. H. Avery, OSRD Report No. 5817 (Dec. 1945), 


Part II; S. S. Penner, ibid., Part IV; preceding paper: S. S. 
Penner, J. App. Phys. 19, 278 (1948). 
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CALCULATION OF THE TEMPERATURE RISE OF 
PERFORATED POWDER GRAINS 


The following discussion is based on the method 
of Avery.’ A cylindrical, perforated, powder grain 
with outside diameter D» and inside diameter D, 
is supported on a trap wire with diameter D,. 
The powder grain is contained in a cylindrical 
powder chamber with inside diameter D,. The 
radiant energy incident on the outside surface of 
the powder grain is designated as J2, the radiant 
energy incident on the powder surface from the 
perforation is J, (Fig. 2). 

Calculation according to the method of Avery 
involves the simplifying assumption of greybody 
emission by the radiating gases. Furthermore, 
only radiant energy incident in a direction 
normal to the powder surface is considered. 

It is desired to compute the temperature rise, 
caused by the absorption of radiant energy, in 
the powder grain at a distance b<4W from the 
surface of the perforation. Here W=}3(D2—D,) 
is the web thickness of the powder. The procedure 
outlined in the previous article leads to the 
following relations for the radiant energies J; 
and J.*: . 


I,=IoL1—exp{ —kp[3(Di—D,) +rt]} ] 
=Ip{1—exp[—a(8itrt)]}, (1) 


I, = Ipl 1 —exp{ —kpL3(D.—Dz2) +rt]} ] 
=Io{1—exp[—a(62+rt)}}, (2) 


where 


I,)=radiant energy emitted by a blackbody radi- 
ator at the temperature of the powder 
gases, in cal./sq. cm/sec. ; 

k=mass emissivity of the radiating gases, in 
sq. cm/g, assumed to be independent of 
wave-length ; 

p=gas density, in g/cc; 

r=linear rate of burning of the powder, in 
cm/sec. ; 
t=time, in sec.; 

a=Rp; 

8i:=3(Di—D)); 

B2= 2(D.—Dz) ; 

D,, Dz, D,, D,, I;, and Iz have their previous 
meaning. 


Let A, represent the absorption coefficient of 
the powder in the wave-length region between \ 
and \+d); Ey, is the radiant energy absorbed in 
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the same wave-length region by the powder strip 
of width a where a is at any initial distance less 
than or equal to }W from the surface of the 
perforation ; Ey» is the corresponding energy ab- 
sorbed in a similar thickness a at a distance less 
than or equal to }W from the outside surface of 
the powder. If K, is so large that e?¥5<1 
(K,210 for the propellants used in many 
rockets), then the products of average burning 
rate and temperature rise, associated with the 
absorption of radiant energy, are given by Eqs. 
(3) and (4), respectively (see Appendix | for 
details) : 


7AT\1= (2I/Cp,W) 
X {3W—3K,—[Ky/(Ay—a) J 
X Lexp(—61)(1—exp(—jaeW))/a 
+exp[ —a(82+}3W) ]/(2K,—a) 
—exp[—a61]/K,]}, (3) 
FAT 2 = (2I0./Cp,»W) 
X {3W—-3K,—LKi/(Ky,—-a)] 
XLexp(—a62)(1—exp(—}aW))/a 
+exp[ —a(6i1+3W) J/(2K,—a) 
—exp(—aB2)/K,]}. (4) 


Here 7 is the average burning rate; Jo, is the 
radiant energy emitted in the wave-length region 
between A and A+d);,A7), is the average tem- 
perature rise, caused by the absorption of radiant 
energy in the wave-length region between \ and 
+d, for all of the powder grain which was 
initially at a distance less than or equal to }W 
from the surface of the perforation ; AT). denotes 
the corresponding temperature rise for initial 
distances less than or equal to }W from the 
outside surface of the powder grain; p, is the 
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Fic. 2. Cross section of a cylindrical, perforated, powder 
grain supported on a wire trap. 
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powder density ; C is the specific heat of the solid 
powder per unit weight. 

The values of 7A7, and #AT> are obtained by 
summing the contributions for all wave-length 
regions, i.e., 


FAT, =)>°) FAT\i, 
FAT? = x FAT jo. 


wn 
— 


The average temperature rise, caused by the ab- 
sorption of radiant energy, is therefore, approxi- 
mately, 


AT =}(AT,+AT>), (6) 


where AT, and AT? are obtained from Eqs. (5) 
by use of Eqs. (3) and (4), respectively. 

The determination of AT permits the calcula- 
tion of the effect of radiation path length on the 
rate of burning of the powder. 


APPROXIMATE METHODS FOR THE CALCULATION 
OF THE EFFECT OF RADIATION ON 
LINEAR BURNING RATES 


The burning rate dependence on radiation 
path length can be calculated from the known 
relations between powder temperature and burn- 
ing rate. A useful approach for numerical evalua- 
tion is outlined in the following. 

Summation of Eqs. (8) of the preceding report* 
with respect to wave-length leads to Eq. (7): 





AT,C 
es < r= ¥.| (tem 
Ig » 
Kye-* 4 
+ ——(exp(— Kb) —exp(—bbp)) | (7) 
Ky, —kp 


In Eq. (7) 7; is the burning rate and AT, is the 
temperature rise associated with the radiation 
path length ZLo,. The other symbols have their 
usual meaning. 

At a given pressure Eq. (7) may be written 
in the form 


ry AT, Cp,/Io= f(Lo,). (8) 


The corresponding relation for a motor with 
initial path length Log is 


r2AT2Cpp/ Io=f(Lo2). (9) 
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Division of Eq. (8) by Eq. (9) leads to the 
result 


r, AT; /reAT2 = f(L0;)/ f(Lo2) = ¢(L0;,L02), (10) 


where the function ¢ depends on the two path 
lengths Lo, and Los. 

For many powders the temperature dependence 
of the burning rate may be expressed by a rela-. 
tion of the form of Eq. (11) = 


ri=cp"/(T,—(T,+AT)) ]. (11) 
In Eq. (11) p is the pressure, 7, is the initial 
powder temperature, and 7;, c, and m are con- 
stants characteristic of the powder. Similarly, 

re=cp"/LT,;—(T,+AT>) ]. (11a) 
From Eqs. (11) and (11a) it follows that 

r1/ro=(T,—T,—AT>2)/(Ti—T,—AT)}). 
Subtracting unity from both sides of the last 
expression : 
ri/r2—1=(A7,—AT»2)/(7;—T,—AT}) 
= (A7,/AT2,—1)/[(7;—T,)/AT?2 


—AT,/AT? ].*** (12) 


From Eq. (10) it can be seen that 
AT,/AT2= §(L01,L02)r2/r\ 
and, therefore, 


ry /r2=14+ (r2/ri—1)/[(Ti— T,) /AT2— fre/ry], 
or 


ry/ra=14(¢—-1)AT2/(T:—-T,). (13) 


Let r; represent the measured burning rate in an 
experimental motor with radiation path length 
Loz. Equation (9) may be written as follows: 


AT? = f (Loz) Io/r2C pp. 


Therefore, 


r;/ro= 1 +(¢-— 1) f(Lo2)Io/(Ti- T,)Cpore, (14) 


4W. H. Avery, R. E. Hunt, and M. N. Donin, OSRD 
Report No. 5827 (Jan. 1946); W. H. Avery, R. E. Hunt, 
and L. D. Sachs, OSRD Report No. 5824 (March 1946). 

*** This relation is also valid if the burning rate is ex- 
pressed by a relation of the form (see reference 5) 


r= (a’+b’p) [(T- T,—AT), 


where a’, b’, and 7; are constants characteristic of the 
powder. 
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or, more explicitly, 


K, exp( — kpLo;) 





(1—exp(—Kyb))+ 
K,—kp 


(exp(— Kb) —exp(— kpb)) 


it 





Yr 
—=1+) a 


re r 


Ky exp(—kpLoz) 


| (1 -exp(—Kxb)) + ~—(exp(— Kb) —exp(— pd) 


r,—kp 


(1—exp(— Kyb))+ 


xX 


The second term on the right-hand side of the 
preceding relations may be looked upon as the 
“radiation correction’”’ to the burning rate re- 
sulting from a change in radiation path length. 
If Lo; =Loo, then ¢=1 and, therefore, 7;/r2=1. 
If Lo,>Los, then ¢>1 and 7,>72; if Lo,<Loo, 
then (<1 and 7 <re. 

The entire radiation correction may be desig- 
nated as ¢,, where 


f= (¢ —1)f(Lo2)L0/ (Ts — Tp) Cpprs. 


Thus Eq. (14) may be written in the convenient 
form 


ri=ro(1+¢,). (15) 


COMPARISON OF THEORY AND EXPERIMENT 
Consider a perforated powder grain with initial 
outside path lengths Lo, and Los, respectively. 
If the absorption coefficient of the powder grain 
is sufficiently high or if the grain has a sufh- 
ciently large web thickness, then the rate of 
burning of the outside powder surface is affected 
only by radiant energy incident from the out- 
side, and the rate of burning of the powder 
surface exposed to the perforation is affected 
only by radiation from the perforation. How- 
ever, if a very transparent or else a very thin 
powder grain is used, then the radiant energy 
from the outside will contribute to the rate of 


TABLE I. Radiation intensity and flame temperature as a 
function of pressure for T-2 powder. 











Radiant 

energy, 

Pressure, Gas density, Temperature, cals./sq. 

Ibs./sq. in. g/cc °K cm/sec. 
735 0.00649 2170 32.0 
1470 0.01280 2180 33.0 
2205 0.01910 2175 32.5 
2940 0.02524 2175 32.5 
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Ky exp(— kpLoz) 
— (exp(— K,b) —exp(— kpb)) 
Ky —kp 


(T;—T,) Cpprs 








burning of that part of the powder burning from 
the surface exposed to the perforation. Similarly, 
radiant energy from the perforation will con- 
tribute to the heating of the outer parts of the 
cylindrical grain. The radiant energy emitted 
from the perforation depends only on the dimen- 
sions of the powder grain and is therefore inde- 
pendent of motor size. For this reason the 
difference in outside radiation path length is 
relatively more effective for opaque or large 
powder grains. The use of Eq. (14) for a per- 
forated powder grain will therefore result in the 
determination of an upper limit for the radiation 
correction if the outside path lengths are used. 
More nearly correct calculations require the use 
of Eq. (5). Both methods of calculation are 
described in the following sections. 





Maximum Radiation Correction for Burning 
Rates in the 115-mm Rocket 


The path length Zo; in a small experimental 
test rocket is 1.016 cm. The corresponding value 
for the 115-mm service rocket is 2.03 cm. For a 
propellant grain containing 0.02 percent of finely 
divided carbon, designated as T-2 powder (see 
Appendix II for the composition of a representa- 
tive powder), it was found® that an absorption 
TABLE II. Radiation correction for the burning rate in the 


115-mm rocket at various pressures for T-2 powder. 











Pressure, t, for fr for ft, for 
Ibs./sq. in. 6b =0.10 cm b =0.20 cm 6b =0.50 cm 
735 0.0342 0.0345 0.0319 
1470 0.0325 0.0320 0.0275 
2205 0.0247 0.0237 0.0189 


2940 0.0184 0.0172 0.0128 








5B. L. Crawford, Jr. and R. Gledhill in OSRD Report 
No. 6374 (Dec. 1945); S.S. Penner and F. Daniels in OSRD 
Report No. 6559, December 1945. 
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TABLE III. Radiation correction for the burning rate in 
the 115-mm rocket at various pressures for an undarkened 
powder grain. 


Pressure, 
Ibs./sq. in. fr at b=0.10 cm 
735 0.0232 
1470 0.0202 
2205 0.0154 
2940 0.0117 


coefficient K = 34 cm~! held, approximately, for 
the entire wave-length region from 0.05 to 10.0 
microns. The mass emissivity (&) is probably of 
the order of 40 sq. cm/g.* The flame temperature 
of a given powder may be calculated by standard 
techniques.’ 

The gas density, theoretical flame tempera- 
ture, and radiant energy of a blackbody emitter 
are given in the following Table | for T-2 powder. 

The radiation correction to the burning rate 
({,) was computed from Eq. (15) by use of the 
data listed in 
in Table II. 

Reference to 
maximum 


Table I. Results are summarized 


Table Il 


radiation 


that the 
correction decreases with 


indicates 


increasing pressure. The decrease with pressure 
is approximately the same for all of the values 
of b. For any given pressure the value of ¢, is 
smallest for the greatest value of 6. This is the 
expected result, since the rate of burning in- 
creases during burning so that the powder surface 
regresses most rapidly at the largest distance 
from the initial powder surface, thus allowing 
relatively less time for radiation heating. The 
data at 735 lbs./sq. in. pressure suggest the 
existence of an intermediate maximum for ¢,. 
The conclusion that the radiation correction to 
the linear burning rate is of the order of a few 
percent is in agreement with the views of other 
authors.'~* 

Calculations similar to those discussed in the 
. preceding paragraphs have been carried out for 
an undarkened powder similar in composition to 
T-2 but not containing added carbon. Here 
K=5 cm™ and k=40 sq. cm/g. The initial 
powder temperature (7) was chosen as 12°C, 


*R. S. Craig, OSRD Report No. 5832 (Nov. 1945). 

7R. R. Wenner, Thermochemical Calculations (McGraw- 
Hill Book Company, Inc., New York, 1941), pp. 236-242; 
J. O. Hirschfelder et al., unpublished. 
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TABLE IV. Ratio of the burning rate in the 115-mm 
rocket to the burning rate in a small test motor at various 
pressures for T-2 powder. 





Pressure, 
bs./sq. in. r2/ri* 
735 1.020 
1470 1.017 
2205 1.011 
2940 1.005 











* The ratio r2/r1 corresponds to an outside radiation path length ratio 
of 2:1. The inside path length was 0.273 cm in each case. 


and the following burning rate expression was 
used (burning rate expressed in in./sec.) : 


ro =0.726p° ** /(285 — T;) for p> 1000 Ibs./sq. in. ; 


for p=735 lbs./sq. in. the burning rate is 0.245 
in./sec.5 The calculated results for 6=0.10 cm 
are summarized in Table III. 

A comparison of the data shown in Tables I] 
and III, respectively, indicates that the radiation 
correction to the burning rate is somewhat 
greater for the more opaque powder. However, 
the results are of the same order of magnitude. 
The conclusion may therefore be drawn that the 
maximum radiation correction is relatively small 
when the path length is doubled, as is the case 
in going from a small test motor to the 115-mm 
rocket. 


Radiation Correction for Perforated Charges 
in the 115-mm Rocket 


Equations (5) and (6) should be used to 
determine the effect of radiation on the burning 
rate of perforated cylindrical powders. The re- 
sults of a detailed analysis are summarized in 
Table IV. 

The results shown in Table 1V are somewhat 
lower than those calculated by taking account 
only of the radiant energy incident from one side. 
This is in agreement with the previous discussion. 
The method used for estimating the maximum 
radiation correction gives values for the ratio 
of the burning rates at definite distances from 
the initial powder surface. The more detailed 
analysis gives average values for the entire 
powder grain. Nevertheless, the magnitude of 
the radiation correction as well as its change with 
pressure are found to be similar. 

The preceding considerations indicate that 
burning rates determined in small test motors 
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will be only slightly lower than burning rates in 
larger service rockets, provided all of the factors 
which affect the burning rate of powders, other 
than radiation, are held constant. 


APPENDIX I. AVERAGE TEMPERATURE RISE OF 
PERFORATED POWDER GRAINS 


The radiant energy absorbed by a cylindrical 
shell of width a in the inner half of the perforated 
powder grain in the wave-length region between 
\ and A+dA is Ay; per unit area. From Eqs. (1) 
and (2) it is easy to show that &), is given by 
the following relation : 


Ex, = 1o(1—exp(— Kya)) 


x | f [1—exp(—a(6,+72)) | 


Xexp(—K,X))dt 


+f [1—exp(—a(62+rt)) } 


Xexp( —KyX,)dt}. (A-1) 


Here X, represents the distance of the inside 
burning surface from the powder layer which 
was initially at a distance b<4$W from the inner 
powder surface ; X2 is the corresponding distance 
of the outside burning surface from the same 
layer. The following boundary values must be 
satisfied : 


X,=6-—rt for t>0, 
X,=0 when t=)/r, (A-2) 
X,=56 when t=0, 


and 


X2=W-—b-—rt for t>0, 
Xo= 4(D2—Dy,) —b=W-—b when t=0, (A-3) 
X2= W-—2b when t=)/r. 


The burning rates of the powder from the inside 
and from the outside are assumed to be the same 
for approximate calculations. 

Combining Eqs. (A-1), (A-2), and (A-3) leads 
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to the relation 


Fy, = 1o(1—exp(— K)a)) 


b/r 
x| f [1—exp(—a(Bi+r)) | 


Xexp(— Ky(b—rt))dt 
b/r 
+f (t-exp(-a(6:+1))) 
Xexp(—K,(W—b—rt))dt}. (A-4) 


Integrating Eq. (A-4) and finding the tem- 
perature rise in the usual manner® leads to the 
result 


ATi Cppr 
——— =[exp(K)b) -1] 


0 


X Lexp( — K,d) +exp(— Kd’) ] 


Ky 





Lexpl(K,—a)b]—1] 


a= 
x [exp(—K,b— af) 
+exp( — Kb’ aa aBe) |, (A-5) 


where 6’=W-—b. Application of the preceding 
considerations to a cylindrical shell of width a 
in the outer part of the powder grain gives the 
relation 


AT x2Cppr 
——— =[exp(Kic) 1] 


0 


X [exp(— Kyc) +exp(—Kyc’) J 


Ky 


[exp(K,—a)c—1 ] 


"= 
X flexp(— Kyc — ae) 
+exp(—Kyc’—aB;)], (A-6) 
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where c represents the distance of the cylindrical 
shell under consideration from the outside powder 
surface and c’=W-—c. Equations (A-5) and 
(A-6) are identical except for the interchanging 
of 8, and 62 and the replacement of } by c and b’ 
by c’, respectively. 

A distance weighted average of the products 
rAT\, and rA7 2 can be found from Eqs. (A-5) 
and (A-6) by integrating Eq. (A-5) from 0 to 3W 
with respect to 6 and multiplying the result by 
2/W and by integrating Eq. (A-6) from 0 to 3W 
with respect to c and multiplying the result 
again by 2/W. Equations (A-7) and (A-8) are 
found in this manner: 


2] 1 
as 1W+ (exp(—3K,W) —1) 
Co, W Ky 


FAT, = 
exp(—K,W) 
of — 
2Ky 
X (exp(K,W) —2 exp($K,W) +1) 


Ky 
K,-a 


| exp(—aB)) 


a 
X (exp(—4aW) —1) 
exp(—K,W—aBe) 
Ftd A cen 
2K,—a 
X (exp (2K, —a)}W]—1) 


exp(— aB;) 
+ 


(exp(— 3K,W) —1) 
Ky 


1 
—— exp(—af2—K,W) 


» 


x(eaKaw)—1)|I, (A-7) 
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and 
Io 1 
FAT 2 = [sw (exp(—3K,W) —1) 
CpopW Ky 
exp(—K,W) 
+ 
2K, 


X (exp(K,W) —2 exp(3K,W) +1) 
Ky exp( — aBe) 
4 ~ 
X (exp(— }aW) —1) 
exp(— K,W — B;) 
A cnneneens Bein 


2K,—a 
X (exp((2K,—a)}W) —1) 


a 


exp(— a2) 
—(exp(—}3K,W) —1) 


ny 


1 
—— exp(—a$i—K,W) 


d 
X (exp($.K,W) — »| ; (A-8) 


If Ky, is so large that 
exp(—3K,W)<1, 


then Eqs. (A-7) and (A-8) reduce to Eqs. (3) 
and (4), respectively, for the numerical values of 
a, B;, Bo, k, and W likely to be encountered in 
solid fuel rocket motors. 


APPENDIX II. NOMINAL COMPOSITION 
OF JPT POWDER 


Nitrocellulose (13.25 percent NV): 58.6 percent 
Nitroglycerin : 38.9 percent 
Ethyl centralitef 1.0 percent 
Potassium sulfate 1.3 percent 
Diphenylamine 0.2 percent 
Volatiles (added) 1.0 percent 


t Ethyl centralite is diethyl-diphenyl-urea. 
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Observations on Arc Discharges at Low Pressures 


M. J. Kororp* 
Westinghouse Research Laboratories, East Pittsburgh, Pennsylvania 


(Received November 13, 1947) 


It has been observed in these laboratories (J. Slepian and E. J. Haverstick, Phys. Rev. 33, 
52 (1929); J. Slepian, W. E. Berkey, and M. J. Kofoid, J. App. Phys. 13, 113 (1942)) that in 
a certain range of pressures, of the order of millimeters, short arcs burn with low apparent 
cathode current densities. The melting of the electrodes is then greatly reduced. 

In this paper are described spectrographic tests to determine the presence of electrode 
material in the arc. It was found that as the gas pressure was increased, for an arc of given 
current and length, at a critical pressure the amount of cathode metal in the arc, as indicated by 
spectral line density, suddenly increased. Presumably, boiling of the cathode metal took place at 
this pressure. This critical pressure was found to increase as the arc length was reduced. 

In this range where melting of the cathode occurred, it was found that the molten spot was at 
the center of the cathode for magnetic cathode material but at the edge of the cathode for non- 


magnetic material. 


INTRODUCTION 


HORT arcs in gas at reduced pressure have 
shown promise for use in practical discharge 
gaps. The interest in these arcs of 1 mm to about 
2 cm in length, burning in the common gases at 
pressures in the range of a fraction of one mm to 
about 15 cm of mercury, lies in the fact that they 
may have low apparent cathode spot current 
densities. By apparent current density is meant 
the total current divided by the arced-over area. 
The measured current densities of 60-cycle, 1000- 
ampere r.m.s. arcs of one-half cycle duration 
burning in air at a few em pressure on copper 
cathodes were less than 1000 amperes per sq. cm.! 
In air at atmospheric pressure, the cathode cur- 
rent density is of the order of several thousand 
amperes per sq. cm, Or more. 

A result of the low current density is extremely 
small electrode burning effects with currents of 
several thousand amperes for one-half cycle 
duration.' A second important characteristic of 
these arcs is that in low pressure air a short arc 
space recovers dielectric strength at least as fast 
as the same length of arc in air at atmospheric 
pressure. However, the maximum dielectric 
strength is much greater at atmospheric pressure. 

This paper describes basic studies made to 


_* Now at Department of Electrical Engineering, Oregon 
State College, Corvallis, Oregon. 

J. Slepian, W. E. Berkey, and M. J. Kofoid, J. App. 
Phys. 13, 113 (1942). 
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provide results useful in the practical design of 
low gas-pressure arcing devices.** 


QUALITATIVE SPECTROGRAPHIC STUDY OF 
PRESENCE OF CATHODE MATERIAL 
IN ARC DISCHARGE 


If a half-cycle, 1600-crest-ampere arc is drawn 
between two plane electrodes of the same metal 
separated by a few mm in gas at low pressure, no 
visible surface disturbance except oxidation will 
take place, provided the gas density is in a certain 
low range. If the short spacing is maintained but 
the gas density is gradually increased, a condition 
will be reached where signs of electrode melting 
due to the arc will be found on the surface of the 
cathode. The gas density may be increased con- 
siderably further before the anode surface will 
show signs of being affected. In fact, the copper 
cathodes showed bright cathode arced-over areas 
and the spectrographic record indicated the 
presence of large quantities of copper in the arc, 
while the copper anodes have been observed to 
become heavily coated with what appeared to be 
oxide. 

Spectrograms were taken, therefore, to de- 
termine if there were sudden changes in the 
amount of metal boiled off the cathode as the gas 
density was increased. Such transformations 


** The spectrographic study of the amount of cathode 
metal in the arc was carried out by the writer at Stanford 
University as a doctorate thesis. Incidental observations 
during this work suggested the remainder of the work, 
which was carried out at the Westinghouse Laboratories. 
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were found to take place with definite noticeable 
suddenness. Then the spectrographic investiga- 
tion was extended to determine if the transforma- 
tion could be correlated with parameters of pres- 
sure, electrode separation, or current for different 
gases and electrode materials. 


Description of the Experimental Tests 


With particular electrode spacings and par- 
ticular values of current, the gas pressure was 
varied to determine the value below which the 
amount of metal in the arc was markedly 
decreased. 

In the tests the range of pressures was from a 
fraction of a millimeter to 200 mm of mercury 
and the range of spacings was from 1.0 mm to 18 
mm. The tests were made in air. 

Previous work with arcs of 1000-ampere crest 
indicated arc cathode current densities to be less 
than 1000 crest-amperes per sq. cm for half-cycle 
arcs between large plane copper electrodes sepa- 
rated 2 mm in air at a pressure of approximately 
1 cm. The arcs were a.c. of one-half cycle 
duration. Most such arcs were found to have a 
lower current density of 500 to 600 amperes per 
sq. cm. In the spectrographic study, peak current 
densities of more than 350, 550, and 700 crest- 
amperes per sq. cm were obtained by electrode 
area limitation with the selected test currents of 
1000, 1600, and 2000 crest-amperes, respectively. 
The 60-cycle current waves were nearly sinusoidal. 
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Fic. 1. Test chamber for investigating properties of low 
gas-pressure arc discharge gaps. 
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The are voltage was not measured under each 
condition of test. Extensive oscillographic re- 
cording in previous work, involving tests under 
similar conditions on all cathode materials used 
in the present work, showed uniform arc voltages 
of 30 volts, or less. 

The arcing chamber built for these investiga- 
tions was designed to confine the arc, but yet to 
allow visual and photographic observations of 
the arcs to be made. The arcing chamber is shown 
in the drawing of Fig. 1. 

The phenomena in an arc would be changed if 
confining walls were near the periphery of the 
arc. The construction of this arcing chamber 
minimized this type of disturbance for short arcs. 
The arcs were prevented from nearing the glass 
container walls by using a cathode of much 
smaller diameter than the inside diameter of the 
tube. A quartz ring surrounded the cathode. 

Gas density is an important parameter in arc 
phenomena and should be maintained as con- 
stant as possible throughout the duration of the 
arc. For this reason the walls of the anode and 
cathode structures were fitted closely with the 
wall of the glass tube; the passages were of 
capillary dimensions. The amount of gas that 
could escape from the main gap region in the 
short time of 0.01 second, due to the sudden 
pressure increase caused by the arc, was, there- 
fore, small. 

Copper anodes of a single size were used. The 
cathodes had a diameter of 0.47 that of the anode. 
The various cathodes used differed in material 
only. 


The electrical circuit was arranged to break 


TABLE I. Spectrographic data for short low air-density arcs. 











Appearance of cathode metal 
spectral lines in arc 


Current Pressure Pressure Nature 
Cathode Gap  (crest- range range of 
metal (mm) amp.) (mm) (mm) appearance 
Iron 1 1600 1-200 100-120 Start quite abruptly 
2 1000 1-30 No lines appear 
2 1600 0.1-60 20-25 Start abruptly 
2 2000 1-30 20-30 Abrupt change 
5 1600 1-30 4-6 Small change 
10 1000 1-40 4-6 Small change 
10 1600 1-20 8-10 Abrupt change 
18 1600 1-12 10-12 Abrupt change 
Copper 1 1600 1-40 No lines appear 
2 1600 1-40 30-40 Abrupt change 
5 1600 1-40 20-30 Small change 
10 1600 1-30 15-20 Abrupt change 
18 1600 0.1-12 8-10 Abrupt change 
Tungsten 1 1600 10-100 40-50 Abrupt change 
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down the gap by a high voltage condenser dis- 
charge, and the 110-volt r.m.s., 60-cycle voltage 
produced a power-follow current. The arc nor- 
mally did not restrike after being extinguished at 
the first current zero. The arc current of every 
operation during spectrographic recording was 
observed visually on an oscilloscope for its maxi- 
mum value. 

The spectrographic records were obtained by 
means of a simple prism spectrograph. The slit 
was parallel to the axis of the arcing chamber. 
Light from the entire length of the arc was 
permitted to fall upon the slit in all cases. The 
records were made on Eastman Super XX film. 
Each spectrogram was obtained by exposing the 
film to the light from 10 successive arc discharges. 


Experimental Results 


A tabulation of the arc investigated and of the 
results obtained from the spectrograms is given 
in Table 1. The spectrograph was incapable of 
resolving individual lines, and only unresolved 
groups of lines could be identified in the spectro- 
grams. By ‘‘appearance”’ of groups of spectral 
lines is here meant either of two things. There 
may have been no cathode metal line groups 
distinctly visible in the negative until they 
suddenly appeared with appreciable density. On 
the other hand, the line groups may have been 
very faintly visible at lower pressures but sud- 
denly increased considerably in density. In either 
case it was the point of sudden increase that was 
sought, and this has been termed the ‘‘appear- 
ance”’ of the lines. 

The sudden strong increase in intensity is 
interpreted as indicating boiling, not melting. At 
pressures of a little below the pressures at which 
the changes in line group intensities appeared, 
melting was found on electrodes. 

As an illustration of how the data of Table | 
were obtained, the spectrograms of the 1600- 
ampere arc with an iron cathode and a 10-mm 
gap are presented as an example. The spectro- 
grams are shown in Fig. 2. (The printed photo- 
graph indicates the results only in a very general 
way by making evident the general nature of the 
spectrogram and showing the major changes in 
the spectral line groups; small changes in line 
group density were visible in the negative.) Be- 
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Fic. 2. Typical spectrogram showing change in cathode 
metal line group densities when boiling of cathode metal 
occurs. In this spectrogram the change occurred at a 
pressure between 8 and 10 mm. Pressures are indicated by 
the numbers at the right. The lines in the print are the 
reverse of the lines in the negative. 


tween the pressures of 8 and 10 mm, groups of 
iron lines have appeared strongly at wave- 
lengths of about 5200, 4700, 4450, and 4270A. In 
the negative these line groups are first apparent 
at 4-mm pressure, but remain quite faint until 
the pressure is increased to 10 mm where a 
pronounced density change occurs. The wave- 
length scale agrees with the bottom spectrogram 
only. The other spectrograms are displaced side- 
ways by small random amounts caused in moving 
the film; the relative position of the right-hand 
edge of the oscillogram is indicative of the shifts 
that have occurred. 

With 1600-ampere arcs in 1.0-mm gaps, no 
cathode metal lines were strong enough to be seen 
in the negative for pressures up to 40-50 mm for 
iron, copper, or tungsten. Tungsten line groups 
appeared abruptly at 40-50 mm. Iron line groups 
appeared at 100-120 mm. Copper lines would be 
expected to appear at about the same pressure as 
iron lines since in other tests copper closely 
followed iron. 

The abrupt appearance of strong cathode line 
groups occurs at much lower pressures when the 
gap length is increased. This is clearly shown by 
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ELECTRODE SEPARATION IN MM. 


Fic. 3. Arc length vs. pressure at which spectral lines changed in intensity suddenly. Arcs burning 
in air. Total crest current is indicated beside each point. 


the curves of Fig. 3 plotted from the data of 
Table I. 

The cathode metals tested, arranged in the 
order of first appearance of strong spectral line 
groups, with increasing pressure are Al, W, Fe, 
and Cu; that is, Al lines appeared in arcs at a 
pressure lower than that at which W lines first 
appeared. Any general difference between Cu and 
Fe seems questionable. Strong Al line groups 

















Fic. 4. Effect on cathode surfaces of a half-cycle 1600- 
crest-ampere arc in air. Pressure (p) and separation (d) are 
both in mm. Boiling did not occur in the tests of the 
electrodes shown in photographs “a” and “‘b.”’ 


402 


were present in 1600-crest-ampere arcs at as low 
as 0.1-mm pressure for a 1.0-mm gap. 

The cathode metals tested, arranged in the 
order of first appearance of appreciable surface 
melting with increase of pressure, are Al, W, Cu, 
and Fe; that is, Al melted at a pressure far below 
the pressure at which W melted. 

A formula for the temperature rise of an elec- 
trode surface is given by Slepian.? If all the heat 
of an arc is assumed to go into the cathode, the 
temperature rise T in degrees C of the cathode 
surface in ¢ seconds is: 


2Wit)} 
~ 4.18(kc8)!” 


where W is the watts per sq. cm input, & is the 
heat conductivity in calories per cm* per degree 
C, c is the heat capacity in calories per cu. cm per 
degree C, and 6 is the density of the cathode 
material in grams per cu. cm. Slepian’s formula 
indicates that the time required for the surface of 
the cathode to attain a particular temperature is 
proportional to the quantity 7(kcé)*. The metals 
tested, arranged in descending order of their 
values of the product 7(kcé)!, with the tempera- 
ture rise J taken as the rise from room tem- 
perature to the melting point of the cathode 
metal, are W, Cu, Fe, and Al. That is, with a 
constant rate of heat input, the time required to 
heat the cathode surface to its melting point is 


2 J. Slepian, J. A. I. E. E. 48, 92 (1929). 
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Fic. 5. Cathodes after repeated 1300- 
crest-ampere arcs of one-half cycle 
duration. Arcs drawn in hydrogen at a 
pressure of 5 cm. Electrode separation 
1.0 cm. Cathodes were of solid metal 1 
em thick. 
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greater for W than for Cu. The order, W, Cu, and 
Fe is the same as given above for the first appear- 
ance of appreciable surface melting with increase 
of pressure, 

In Figs. 4a and 4b are shown electrodes which 
have been cathodes for a single half-cycle 1600- 
ampere arc. The aluminum cathode was deeply 
melted under the low pressure and short-gap 
conditions of p=1 mm and d=1.0 mm. Under 
these same conditions the 1600-ampere arc is seen 
to have merely lightly oxidized the surfaces of the 
iron and copper cathodes. The copper and iron 
cathodes after the (pb =2 mm) and (d=10 mm) 
operation, shown in Fig. 4c, illustrate the type of 
melting characteristic of copper and of iron with 
low pressure arcs when the pressure is about the 
lowest at which melting was obtained in air with 
d=10 mm. Copper forms a melted crater which 
can be seen surrounded by a discolored oxidized 
area. (Tungsten melts in a similar manner but the 
crater is much more shallow.) Iron does not melt 
deeply but may form beads of metal on the 
surface, as occurred on the electrode of Fig. 4c. 


POSITIONING OF CATHODE SPOTS ON 
DIFFERENT METALS 


The action of a low current density arc on a 
cathode of magnetic material differs from the 
action on non-magnetic materials with respect to 
the preferred location of the cathode spot. 
Electrodes were arced under conditions of separa- 
tion and gas pressure which permitted some 
melting of the cathode surface. The nature of the 
results is indicated by the test electrodes shown 
in Fig. 5 and Fig. 6, which are discussed later. 


VOLUME 19, APRIL, 1948 


Description of the Experimental Tests 


The current in all tests discussed was about 
1300 crest-amperes. The spacing between elec- 
trodes was 1.0 cm, and hydrogen gas was used at 
a pressure of 5 cm of mercury. (Similar results 
were observed in tests made in air.) 

All the tests were made in the test chamber of 
Fig. 1, with special precautions taken to have the 
current leads approach the top and bottom of the 
chamber approximately on the center line so that 
the magnetic field of the current in the leads 
would produce a minimum action on the arc. 

In the laboratory in which these tests were 
carried out it was necessary to use a higher 
voltage of 220 volts, 60 cycle in order to obtain 
the desired currents. Although arcs of half-cycle 
duration were desired, numerous reignitions oc- 
curred. Therefore, the markings and melting on 
the test electrodes are presented to show only the 
manner in which the cathode spot tends to 
concentrate or spread out. The relative amounts 
of surface disturbance in this group of tests are 
not intended to be indicative or comparative. 


Experimental Results 


The photograph of Fig. 5 shows that the entire 
area of the surface of the solid copper cathode has 
been arced over, but that the melting was always 
confined to the periphery. In contrast, the photo- 
graph of the solid steel electrode shows that its 
entire area has been arced over, but that melting 
is confined to a circular central area. 

With cathodes of non-magnetic steel or of 
brass, the behavior is very similar to that of 
copper. (The non-magnetic steel was about 80 
percent iron and had a permeability of 5 at 100 


403 

















Fic. 6. Cathodes after repeated 1300-crest-ampere arcs 
of one-half cycle duration. Arcs drawn in hydrogen at a 
pressure of 5 cm. Electrode separation 1.0 cm. Surface 
— 0.8 mm thick silver-soldered to body metal 9 mm 
thick. 


oersteds.) Tests were also made with cathodes 
constructed with a 35-inch thick surface layer of 
one metal silver-soldered to a much thicker body 
of a second metal. The photographs of Fig. 6 
show that the performance with the laminated 
electrodes of steel on copper and of copper on 
steel was practically identical with that of solid 
electrodes of the same metal. 

The results of tests on Kovar, monel, and 
nickel are shown in the photographs of Fig. 7. 
Kovar has a permeability approaching that of 
iron. Monel and nickel both have much lower 
permeabilities. The permeabilities at 100 oersteds 
for Kovar, nickel, and monel are roughly 170, 60, 
and 40, respectively. (The permeability of monel 
virtually disappears at about 100 degrees C.) 
With Kovar the arc was located at the center of 
the cathode except when the arc reignited. In the 
tests on monel no reignition occurred ; the arc is 
seen to be located at other positions in addition to 
locating at the center. The results on nickel do 
not indicate any preferred location of the cathode 
arc terminal. 
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Fic. 7. Cathodes after repeated 1300-crest-ampere arcs 
normally of one-half cycle duration. (Reignitions occurred 
in the tests on Kovar and nickel.) Arcs drawn in hydrogen 
at 5-cm pressure. Electrode separation 1 cm. The Kovar, 
monel, and nickel electrodes were 2.4, 2.4, and 0.8 mm 
thick, respectively, and were soldered to thick brass bodies. 


CONCLUSIONS 


1. 1300-crest-ampere arcs of half-cycle dura- 
tion in air or hydrogen, under conditions of pres- 
sure p=50 mm and spacing d=10 mm, tend to 
concentrate symmetrically in the center of a 
circular iron cathode but always tend to move 
out toward the periphery if the cathode metal is 
copper or brass. Brass and non-magnetic iron 
cathodes give results similar to those obtained 
with copper. The greater the permeability, the 
more nearly similar are the results to those ob- 
tained with iron. 

2. 1300-crest-ampere arcs of one-half cycle 
duration in air under conditions of =5 mm and 
d=2 mm produce serious melting with a copper 
cathode, slight melting with an iron cathode, but 
a smooth matt surface with a brass cathode. That 
is, brass is the most resistant to surface melting 
and puddling by low pressure arcs. 

3. For each spacing, with a given gas, there 
appears to be a pressure below which the amount 
of cathode metal in the arc decreases markedly. 
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The Stresses in a Plate Containing an Overlapped Circular Hole 


CutH-BinGc LiInG 
California Institute of Technology, Pasadena, California 
(Received November 17, 1947) 


This paper deals with the stresses in a plate containing a hole whose rim is composed of two 
equal circular arcs. The stress function concerned is constructed by means of an even integral 
solution of biharmonic equation expressed in bipolar coordinates. The parameters involved in 
the solution are determined from the given boundary conditions with the aid of Fourier trans- 
forms. Three fundamental stress systems are discussed. Expressions of the stress along the rim 
of hole are derived and, in particular, values of the maximum stress are calculated. The results 
are then plotted in conjunction with those of a plate containing two equal circular holes, which 
are obtained by the present author in a previous paper. It may be interesting to compare the 


the methods used in both solutions. 





INTRODUCTION 


l a previous paper,' the author has investi- 
gated the stresses in a plate of infinite size, 
containing a group of two equal circular holes, 
under the action of several fundamental stress 
systems in the plane of the plate. The maximum 
stresses in the plate, which always occur at the 
rims of holes, are evaluated against the distance 
between the holes. The limiting case in which the 
holes are tangential to each other is also inves- 
tigated. 

The previous solution, however, does not cover 
the case in which the distance between the holes 
further decreases beyond the preceding limiting 
case. The holes then overlap each other to form 
a single hole whose rim is composed of two equal 
circular arcs. In this paper a solution of the plate 
containing such an overlapped hole will be given 
in terms of bipolar coordinates. The same funda- 
mental stress systems will be considered to act 
in the plane of the plate. 

It is noted that the two arcs of the overlapped 
hole as described above are equal and each is 
greater than a semicircle. Nevertheless, the 
present solution applies equally well to cases in 
which the arcs are each less than a semicircle, 
i.e., the hole is in a lenticular shape. 


EVEN INTEGRAL SOLUTION OF 
BIHARMONIC EQUATION 


In order to render the present results directly 
comparable with those in the previous paper, the 





_'C. B. Ling, “On the stresses in a plate containing two 
circular holes,” J. App. Phys. 19, 77 (1948). 
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bipolar coordinates (&, 7) will be defined alter- 
natively by the equation 


x+ty = —a cotzi(E+%7), (1) 


such that the two poles of the coordinates are 
now located on the y axis at the points (0, +a), 
and 

x=Jsinn, y=J sinhé, (2) 


where 
a/J =coshé—cosn. (3) 


It may be mentioned that the coordinate 7 is 
multi-valued. However, in our problem 7 will be 
restricted to vary between —z and 7 with the 
line » =z connecting the poles as the branch line. 

The biharmonic equation V‘y=0 which must 
be satisfied by the stress function x then trans- 
forms to 


ats 


020r? 





as a ae 8 @ ” | 
( pede +2—+1)"=0. (4) 
ant ak) oan? J 


It can be readily shown that an integral solution 
of this equation, which is even in both é and , 
may be obtained in the following form: 


x/J= f F,,(n) cosnédn, (S) 
0 
where 
F,,() =fa sinn sinhnn+k, cosy coshnn, (6) 


f, and k, being parametric functions of n. 
Furthermore, when a whole plate containing 


?C. B. Ling, “On the stresses in a notched plate under 
tension,”’ J. Math. and Phys. 26, No. 4 (1947). 
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Fic. 1. (1) a<w/2, (A>0). (2) a>w/2, (A<0). 


an overlapped hole, as the present problem, is 
dealt with, it appears convenient to include also 
in the solution (5) an even biharmonic function: 


coshé— cosy 


x2/J =K(coshé 





cosht+c osn 


where K is a parametric coefficient. It is readily 
shown that 


c osh§+cosq vty 
1 gue ate (8) 


c coshé —cosn a 


Hence, the function x2/J represents in fact a 
center of radial pressure at the origin (x, y) =0. 


THE METHOD OF SOLUTION 


Let us now consider the plate in question. The 
two arcs which form the rim of hole will be 
represented by »=-+ta. They intersect at the 
poles of the coordinates and their centers lie 
symmetrically on the x axis (see Fig. 1). 

If the hole were absent, the stress system in 
the plate will be supposed to be specified by an 
even stress function xo. The method of solution 
when the hole is present is to add to xo the even 
biharmonic functions x; and x2, as shown in (5) 
and (7), together with a factor aT. The factor is 
introduced to render the parameters irivolved in 
the functions dimensionless. That is to say 
that the stress function x is constructed in the 
- form: 


x=xotaT(xi+x2). (9) . 


The parameters involved are then adjusted to 
satisfy the boundary conditions of the plate, 
which are as follows: First, the stresses derived 
from a7 x, and a7 x; all vanish at infinity (&, 7) =0, 
such that at infinity the stresses derived from xo 
are undisturbed by the presence of the hole. 
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Second, there is no traction acting on the rim 
of “hole, i.e., that the stresses 7m and &y derived 
from x both vanish identically when »=-a. 
It is well known that the stresses derived from 
a stress function x in terms of bipolar coordinates 


are given by 


. | oO” 0 | 
az—= 4 (cosht — cosn)—— — sinhé 
On” O€ 
0 
—sinn—+coshé 
On 
ann= (cosht — cosy) — — sinht— (10) 
Or 0g 
an x 
sing —+c089]~ 
J 





2 a /x 
atn= — (coshg—cosn)——{ ‘). 
atan\J | 


The first boundary condition thus requires 
that (x1 +x2)/J=0 when (&, 7) =0. Since x2/J=0 
when (é, ») =0, this condition leads to 


f k,dn=0. 
0 


The second boundary condition requires that the 
stress function x must satisfy the following rela- 
tions at »= +a. 


(11) 


| (coshé — cosa) (6? /d#) — sinhé(d/dE) +cosa} 


X0x/J]Ja—sinal(0/An)(x/J)Ja=0. (12) 

— (coshé — cosa) (0/0§)L(0/8n)(x/J) Ja=0. (13) 
Equation (13) yields at once 

(0/0€)[(0/An)(x/aTJ) Ja=0. (14) 


By differentiating with respect to — and with the 
aid of the above relation, Eq. (12) then gives, 
apart from a factor, 


{ (08 /a8*) — (0/d€)}[x/aTJ ]a=0. (15) 


Equations (11), (14), and (15) provide suf- 
ficient number of equations for the determination 
of fn, kn, and K, provided that the basic stress 
function xo is given. 
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EVALUATION OF PARAMETERS 


As in the previous paper, three fundamental 
stress systems will be considered to act in the 
plane of the plate. The basic stress function xo in 
each case is as follows: (1) when the plate is 
under an all-around tension 7, 


x0= 37 (x? +4") 


or 


xo/aT J =}3(coshé+cosn), (16) 
(2) when under a longitudinal tension 7, 
xo=2Ty 
or 
xo/aT J =} sinh*é/(cosht—cos7), (17) 


and (3) when under a transverse tension 7, 


ww 


xo= 37x 
or 


xo/aTJ =} sin’ /(coshé—cosn). (18) 


In order to keep x/J finite throughout the 
plate, any multiple of (cosht—cosy) will be 
removed from x/J. This is permissible since the 
removal does not affect the stresses. The function 
cosy alone then gives an all-around tension in the 
plate. Thus, xo/a7J may be written together as 
follows: 

xo0/aT J =6 cosn+} sin*n/(coshE—cosn), (19) 





f (n?+1) F,(a) cosntdn = —C—(6—2K) cosa+K cosa log——— 
0 


where 6=0 in the transverse tension case, or 
5=1 in the other two cases. In regard to 
ambiguous signs, the upper one goes with the 
longitudinal tension case and the lower one with 
the transverse tension case. In the all-around 
tension case the terms with ambiguous signs are 
all absent. For the sake of brevity, these conven- 
tions will be used henceforth to distinguish the 
three cases. 
Now, by (9), Eq. (14) yields 


f nF,’ (a) sinnédn 
° K sin2e sinh2é 


: (coshé — cosa) (coshE+ cosa)? 





sina sinhé(cosa coshé— 1) 





20 
(coshé — cosa)* (20) 


The prime sign has the usual meaning of dif- 
ferentiation. It appears that the function cosy 
contributes nothing to the right-hand side of 
Eq. (20). 
By integrating with respect to £ Eq. (15) 
becomes 
{ (0°/d#) —1}[x/aTJ]a=const.=C. (21) 


Consequently, by (9) and using (19) for xo/aTVJ, 
this equation leads to 


coshé— cosa 


2K cos*?a 





cosht+cosa cosht+cosa 








K sin?2a sin?a 3 cosa 2 sin’a 
+ — —— ——}. (22) 
(coshé —cosa) (coshé+ cosa)? 2 \(coshE—cosa)? (cosht—cosa)? 
The right-hand side of the equation vanishes when = ©, provided that 
C= —(6—2K) cosa. (23) 


To facilitate subsequent analysis, C will be so adjusted. This is justified only if a function (6—2K)cosn 
for an all-around tension is removed from x/a7J. The removal implies that the new [x1/J]e will 
vanish when = ©. This leaves Eq. (20) unchanged, but the condition (11) must now be replaced by 


f k,dn=6—2K. 
0 


(24) 


By applying Fourier’s sine and cosine transforms to Eqs. (20) and (22), respectively, we then have 
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2K sin2da 7% sinh2é sinngdé 
nF,’ (a) = f : 


T (cosht — cosa) ( (cosht+cosa)* 


z 


2 sina * (cosa coshé—1) sinhé sinnidé 
+ f -, (25) 


T (coshé — cosa)? 


2K cosa 7” cosh — cosa 4K cos*a f*  cosnidt 

(n?+1)F,(a) = f log - cosntdt+-—— f 

r ° coshé+cosa 1 » coshé+cosa 

2K sin?2a f cosnidé 
T 9 (cosht—cosa)(cosht+cosa)* 
sin’a 7” 3 cosa 2 sin’a 
-—— —— - —- cosnidé. (26) 
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1 (cosh —cosa)* (cosht —cosa)® 


By means of Cauchy’s theorem of residues, it is not difficult to show that 


camellia — =- a a7 
= ’ (27) 
(cosht — cosa)? sinhur sina 


f n cosnidé rf sinhé sinnédé nr sinhn(m— a) 
0 0 


coshé— cosa 


f sinhé sinnédé x sinhn((2/2) —a) 








=. . (28) 
cosh*é—cos’a 2 cosh(m7m/2) cosa 
By differentiating both sides with respect to a, (27) yields successively 
- cosnidt * sinhé sinnédé n coshn(r — a) sina+sinhn(x— a) ¢ cosa 
f ——— = f — — — = nx ———— , (29) 
0 (cosht —cosa)? 0 (cosht—cosa)? sinh sin*a 
f- cosnéd (n? + 1) sinhn (a — a) sin? vat 3n coshn(a — a) sina cosa+. 3 sinhn(« — a) cos*a (30) 
=r ; - -—— —_—_-—., (30 
0 (cosh —cosa)? 2 sinhu sin'a 
Also, by replacing a with r—a, (27) and (29) give, respectively, 
[- n cosnédé -[ = sinhé sinnidé nt sinhna 31) 
- = 31 
0 cosht-+-cosa 0 (cosht+cosa)? ” ieee sina’ 
[. cosnidé _ a(n coshna: sina — sinhna cosa) 
— — - . (32 
(c osht+cosa)? sinhes sinta 
Again, from (27) and (29), integration with respect to @ yields 
cosht — cosa T sinhn ((4/2) — a) 
J “(ioe —_————— } cosnidt = ————_ ' (33) 
coshé+cosa n cosh(n2/ 2) 


Here the constant of integration is zero. 
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With these integrals, we thus deduce 
nF,’(a) sinhnue =4K {n sinhna cosa+sinh(n7/2) sinhn((2/2)—a@) sina} 
n\n coshn(r—a) sina—sinhn(r—a) cosa}, (34) 
n(n?+1)F,(a) sinhur =4K {n? coshna cosa—n cosh(n2/2) sinhn((r/2) —a@) sina 


—sinh (nr /2)sinhn((2/2) —a) cosa} +n(n?+1) sinhn(r—a) sina. (35) 


Consequently, f, and k, are solved in terms of K as follows: 

















4K 1 nx  sinh*wa+sin?a 2 cosh*na 
f.-—_(- coth——— : ) + (cothne- ), (36) 
n?+1\2 2 sinh2na-+n sin2a sinh2na+n sin2a 
4K 1 nr n’+1_— sinh*na—n’ sin’a 2n sin?a 
a lt ae e- — 
n(n?+1)\2 2 sinhnz = sinh2na+n sin2a sinh2na+n sin2a 
Equation (24) supplies the necessary condition for the determination of K. By using the following 
integral from Cauchy’s theorem of residues, 
od 4 nx n°+1 dn 1 ¢”% (coshnx—2n?—1)dn « 1 1 
f (- coth ~-.—) ——— =- J =>) ——=.-, (38) 
0 \2 2 sinhur/n(n?+1) 4/7_, n(n?+1) sinhnr n=14n?—1 2 
we thus find 
° (sinh?*2a — n? sin?a)dn . ” ndn 
aK { ao =§F2 sinta f ——me om, (39) 
9 n(n?+1)(sinh 2na+n sin2a) o sinh2na+n sin2a 


It may be noted that the integrals in (27) to (33) can be reversed by means of Fourier’s trans- 
forms. For instance, the first integral in (27) may be reversed thus: 








sina * sinhn(mr— a) cosnidn 
———————___ = f : (40) 
coshé— cosa 0 sinhnr 
With the aid of some such integrals it can be shown that 
. coshé— cosy 
2 cosn+ (coshE—cosn) log -—--—-—— 
coshé+cosn 
" n sinn cosn sinhn((2/2) —) cosnidn * n coshnn cosnidn 
=2f (— =e y- —____—_—_—__—_——_— ——4 cosn f —mnenceeeeeenvcmronn, (RG) 
o \sinh(mx/2) cosh(n7/2) n(n?+1) o (n?+1) sinhur 


Consequently, remembering that a function (6—2K) cosy is removed from x/a7J, we reach the 
following result without difficulty. 





x * n coshn(a—») sinn+sinhn(a—n) cosy | 
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+2 f cosntdn. (42) 
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MAXIMUM STRESS 
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Fic. 2. Maximum stress for 7=1. (1) All-around tension. 
(2) Longitudinal tension. (3) Transverse tension. 


STRESS ALONG RIM OF HOLE 


To find the stress along the rim of hole, we 
have, by subtracting the first two equations in 
(10) and by virtue of [97]. =0, 


1 * oe Pg x 
[¥E]. = (cosh cosa) ( _ +1) 
T gs an? ae? aTJ\. 


= 4(cosht— cosa) sina 


* 2K =n(n—cota cothna) 
af mee 
9 sinh2na+n sin2a 


Xsinhna cosnidn, (43) 


where A is given in (39). 

For convenience, the points on the rim of 
hole will also be specified by \ and @, as shown in 
Fig. 1. They are connected to the bipolar coor- 
dinates (£, a) by 


cosa=h, cosht=(1+A cos@) /(A+cos@). 


(44) 


It is readily seen that the maximum stress in 
the plate occurs on the rim of hole at the fol- 
lowing points: 


Stress system For a<w/2 (A>0) For a >x/2 (A <0) 


(1) All-around maximum at &=0 infinite at &= « 


tension (6=0) (@=x—a) 
(2) Longitudinal maximum at 6= 2/2 infinite at f= ~ 
. _ tension nearly 
(3) Transverse maximum at £=0 maximum at &=0 
tension 


In the longitudinal tension case when a<7/2, 
the actual point of maximum stress is at @ 
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slightly less than 2/2. For the sake of sim- 
plicity, however, the stress at 6=2/2 may well 
be taken as the maximum stress without any 
appreciable error. The two instances of ‘‘infinite”’ 
stress are anticipated theoretically, although 
they may not be so detrimental in practice. 


THE LIMITING CASE a=0: TWO TANGENTIAL 
HOLES 

The limiting case a= corresponds to a slit 
in the plate. The case a=2/2 corresponds to a 
single circular hole. Both results are well known. 
On the other hand, the limiting case a=0 
corresponds to two complete circular holes tan- 
gential to each other. In this case, Eq. (39) 
becomes in the limit, 


* (sinh*¢ — ¢*)d@ 
(0K) f a etd 
0 *(sinh2¢+2¢) 


* odo 
= +2 f ——_——, (45) 


sinh2¢+ 26 


The maximum stresses corresponding to the 
three stress systems are equal to the following 
limits: 


- * sinhddd 
: f= 4a) [ —- eas ° 
T o sinh2g@+2¢ 


in * sinh¢ cos¢d@ 
. f= 8(a°K) [ - a 
rT 0 sinh2¢+2¢ 


* ¢(cosh¢ — ¢ sinh@) cos¢d 
+4 f wae. 


sinh2¢+2¢ 
> * sinh¢ddd 


0 sinh2¢+2 
_ ¢” o(¢ sinh¢ —cosh¢)d¢@ 
uf © 


ee 


sinh2¢+2¢ 


TABLE I. Maximum stress for T=1. 


(46) 


All- Longi- Trans- 
around tudinal verse 
tension tension § tension 
(at (at (at 
a 6=0) @=n/2) 6=0) Remark 
1 0° 2.894 2.569 3.869 Two tangential holes 
0.5 60° 2.524 2.630 3.493 
0 90° 2.000 3.000 3.000 A single hole 
—0.5 120° . ° 2.101 


1.000 Avslit 
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They are identical with the results obtained in 
the previous paper as a limiting case from a dif- 
ferent consideration. 


NUMERICAL RESULTS 


Values of the maximum stress are calculated 
by evaluating the integrals in (43) and (39). 
They may be integrated numerically by means 
of Gregory formula,’ or otherwise. The results 
are shown in Table I. 

In the table, the cases marked with the asterisk 
(*) are governed by the stress concentration at 

3E. T. Whittaker and G. Robinson, Calculus of Ob- 


servations (Blackie and Son, Limited, London, 1937), p. 
143. 


the re-entrant corners of the lenticular hole, 
where 6=+(2—a). Figure 2 shows the results 
graphically. By combining with the previous 
results of two equal circular holes, it is seen that 
the curves can now be extended beyond \=1. 

It may be mentioned that the transverse 
tension case was discussed by Weinel* a few 
years ago, buf his paper was not available in this 
country until recently. His treatment, however, 
is slightly different. In the limiting case of two 
tangential holes he gave the maximum stress as 
3.84, whereas the present result is 3.869. 


4E. Weinel, “Die Spannungserhéhung durch Kreis- 
77) ml Zeits. angew. Math. Mech. 21, 228-230 
1941). 





Minimum Detectable Absorption in Microwave Spectroscopy and an 
Analysis of the Stark Modulation Method 


W. D. HERSHBERGER 
Radio Corporation of America Laboratories, Princeton, New Jersey 
(Received November 18, 1947) 


It is shown that the minimum detectable absorption coefficient for an isolated spectral line as 
measure€#n a matched wave guide of optimum length is 


[4kT NAf/(Po/e) Jac, 


where N is the noise factor and Af the band width of the receiver, a, is the attenuation constant 
for the wave guide, and Po/e is the average microwave power available at the receiver. The 
equivalence between cavity and wave guide methods is developed. The Stark modulation 
method of Hughes and Wilson is analyzed, assuming a quadratic Stark effect, and expressions 
are developed for the modulation factor of a microwave at twice and four times the frequency of 
the Stark field. For a matched guide the modulation factor is a,//4. Also the shift in line 
position is calculated, and finally, the directions in which improvement in sensitivity may be 


expected are indicated. 


ECENT work in microwave spectroscopy 
has resulted in an extension of the list of 
absorbing gases and in improvements in tech- 


nique both in measuring the frequency of ab-_ 


sorption lines and in the detection of weak lines. 
In the attempt to measure small absorption 
coefficients, several lines of attack have been 
followed. Some workers have used long-matched 
wave guides but there is an upper limit to the 
length of guide that yields an increase in sensi- 
tivity with increase in length. Bleaney and 
Penrose! have made good use of small gas samples 
by enclosing them in a high Q resonant cavity 


1B. Bleaney and R. P. Penrose, Proc. Roy. Soc. A189, 
358 (1947). 
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operating in a low order mode, but here the upper 
limit to sensitivity is set by the realizable Q of 
such cavities which is of the order of 104. 
Becker and Autler? and Lamb,’ proceeding 
along somewhat similar lines, realize a Q of the 
order of 10° by the use of a cubical resonant 
cavity 8 feet on an edge. In studies on line shape 
or location, it is convenient to work at pressures 
of 1 mm to 0.01 mm of mercury and a cavity 
with a volume of 1.6 X10’ cm® is not well adapted 
for this sort of work. Moreover, this large cavity 
works in a region of high mode density and ex- 


2G. E. Becker and S. H. Autler, Phys. Rev. 70, 300 
(1946). 
3W. E. Lamb, Jr., Phys. Rev. 70, 308 (1946). 
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hibits many resonances in the band of interest. 
To surmount this difficulty, the Columbia group 
used both mode mixing and also sampled the field 
inside their resonantor at 360 points. Hughes and 
Wilson‘ have employed a Stark modulation 
method in a relatively short section of wave guide 
with excellent results. In this method the position 
of the line itself is varied cyclically at a low radio- 
frequency rate. This artifice permits to a large 
degree the experimental segregation of effects 
which are due to system frequency selectivity 
from those which are due to the selective absorp- 
tion of the gas. The method lends itself well to the 
detection of small absorption lines but as one 
attempts to measure frequency with precision- 
difficulty is experienced, first, because a per- 
turbing field is used altering line position which 
must be adequately taken into account, and 
second, because the frequency selectivity of the 
gas chamber distorts the line so its location is in 
doubt. A superficially similar system has been in 
use at these laboratories and was described by the 
writer at the Ohio State University symposium 
on molecular spectroscopy on June 12, 1947. A 
similar system has been used and described by 
Gordy and Kessler.§ In this method the klystron 
frequency is swept 20 Mc at a 60-cycle rate and 
simultaneously is swept perhaps 40 kc at a 
100-ke rate. A 100-kc receiver follows the micro- 
wave detector. The method permits fair dis- 
crimination between gas selectivity and system 
selectivity, due primarily to the narrowness of 
the absorption lines at reduced pressure. In the 
parlance of radio engineering, the absorption line 
is used as a discriminator. In addition, a fairly 
large, high order mode, resonant cavity method 
has been developed in which Stark modulation is 
used and which has given good results in meas- 
uring small absorption coefficients. The cavity 
makes effective use of a gas sample larger than 
was used in the Hughes-Wilson method, but of 
course the sample is much smaller than that used 
by the Columbia group. 

The problem of detecting and measuring an 
absorption coefficient involves, in essence, noting 
the change in power fed through a microwave 
transmission path containing the gas as we vary 


*R. H. Hughes and E. B. Wilson, Jr., Phys. Rev. 71, 562 
(1947). 


5 W. Gordy and M. Kessler, Phys. Rev. 72, 644 (1947). 
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a critical parameter. In a simple wave guide or 
cavity system, gas is admitted to, then evacuated 
from, the transmission path and the parameter 
varied is pressure; in the popular sweeping tech- 
nique,*’ microwave frequency is varied and 
change in transmission as a function of frequency 
is observed, while in the Stark modulation method 
the position of the absorption line is varied 
cyclically by application of an electric field. The 
purpose of the present paper is to discuss the 
factors which limit measurements of small ab- 
sorption coefficients in any method and, further, 
to present an analysis of the Stark modulation 
method with the view of showing how it may be 
used to obtain data for calculating both the 
magnitude of the absorption coefficient and the 
correction to line position needed in this type of 
experiment. 


MINIMUM DETECTABLE ABSORPTION 


The factors which limit the detection and 
measurement of small absorption lines find their 
simplest interpretation in the transmission of 
power through a matched wave guide. Let the 
physical length of such a guide be Z and its 
equivalent length be /, where the relationship be- 
tween these two lengths is determined by the 
mode in use. a, is the power absorption coefficient 
for plane waves for the gas in the guide, while a, 
is a corresponding absorption coefficient used to 
account for losses in the guide walls or in other 
dielectric material in the guide. The change in 
power AP observed in a receiver is 


AP = Pye~*'[1 —e~20" | (1) 


if we experimentally vary the appropriate parame- 
ter, as for example, pressure, to obtain the maxi- 
mum possible power change. When a,/<i, (1) 
may be written 


AP = Pre weleyil. (2) 


P.e~*:' represents power available for actuating 

a receiver. AP, which is to be measured, attains a 

maximum value for a critical length of wave 
guide, namely, 

[= ae. (3) 


In the copper wave guide most commonly used at 
1.25 cm, the critical length is approximately 01 


6 W. E. Good, Phys. Rev. 69, 539 (1946). 
7C. H. Townes, Phys. Rev. 70, 665 (1946). 
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meters and, if we add an electrode and long 
insulating strips as in the Hughes-Wilson equip- 
ment, the optimum length is thereby decreased. 
The workers using guide sections longer than 
optimum, in order to realize large fractional 
changes in received power due to gas absorption, 
have to accept the penalties which go with a low 
power level at the receiver. The importance of 
maximizing AP rather than any one of its factors 
becomes apparent when it is recalled that for 
satisfactory detection, AP must be equal to or 
greater than 4kTAfN(P) where Af is the band 
width of the receiver and N(P) its noise factor. 
There are instances when it is desirable to use 
guide lengths greater or less than optimum. 
Thus, if the noise arising in a microwave gener- 
ator is the limiting factor rather than receiver 
noise, or if the receiver overloads or limits with 
the power available through length a! from a 
given generator, a guide length greater than 
optimum is indicated. Again, if the noise factor 
N(P) is reduced in a given receiver by increasing 
the power above Po/e, a length shorter than a,~! 
will give best results. When the critical guide 
length is employed, the minimum absorption 
coefficient one may detect is 


Qmin = [4k7T NAf, (Po ‘e) Jace. (4) 
RESONANT CAVITY 


Two types of cavity are in use: in the first, the 
high Q essential for measuring small absorption 
coefficients is realized by the choice of a shape 
giving a favorable volume to surface ratio; in the 
second, the need for an electrode for application 
of an electric field dictates a structure which is 
conveniently treated as a section of wave guide, 
working in a high order mode, and terminated to 
give rise to pronounced reflections at its two ends. 
In this second type, the Q decreases with in- 
creasing length instead of tending to a constant 
value as might be expected from considerations 
based on the ratio of stored to dissipated energy. 
The theory of this type of resonator is accordingly 
developed with the view of enabling one to 
estimate the optimum size for a gas chamber and 
to interpret experimental results. 

Figure 1 depicts a section of wave guide in 
which £, represents an electric field component 
in a wave traveling from left to right inside the 
guide, Es: represents the corresponding com- 
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Fic. 1. Wave guide section. 


ponent of an oppositely traveling wave, a repre- 
sents the total power absorption coefficient for 
the wave in the guide, and 8 is the propagation 
function for the mode considered. We write 


Ep . 

~~. (Sa) 
—e * 
—Ep . 

seat (a/2) (21-2) 9 j(wt—2B1+B2) | (5b) 
—Ee 


The amplitudes and relative phase of these waves 
have been adjusted so that when Z = L, E,+- E2.=0 
and when z=0, 


Epei*t 
E,\+£.= ———[1 —e—ee—i26L |, (6) 
1—e-*! 
When L=q)\,/2, where gq is an integer, the 
quantity in the bracket in (6) is real and 
E,+£.= Es, 


which represents the driving field. For this case, 
the guide section acts as a resonant cavity. Let us 
define A as a length such that when 

L ial (gd,/2) +4, 


the quantity in the bracket in Eq. (6) has an 
angle +7/4. We now define the Q of the cavity 


Q=L/2A. (7) 
If 2A<L, it may be shown that 
Q=BL/e*"—1. (8) 


For relatively short guide sections such that 
aL<1, 


we obtain the customary expression used in 
resonator work, namely, 


QO=2n/ax, (9) 


which is independent of L. However, for very 
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Fic. 2. Equivalent circuit of resonator. 
long guide sections (8) reduces to 
Q=BL/e*", (10) 


and the denominator in this expression becomes, 
of course, the controlling factor as L becomes 
large. a in Eqs. (5) to (10) represents the total 
power absorption coefficient, that is, a=a.+ay. 
If we take Q. as characteristic of the cavity with 
no gas in it, and Q, as arising from the gas alone, 
and if Q,>Q., the resulting Q due to all losses is 
given by 

Q=Q-[1—(Q-/Q,) ] (11a) 
for resonators whose Q is given by Eq. (9). On the 
other hand, for resonators whose Q is given by 
Eq. (10), and if a,l<1, 


Q=Q.[1—a,L ]. (11b) 

The quantity of importance is the change in 
power received through a resonator whose Q is 
altered by introduction of an absorbing gas. In 
the system of interest a generator which matches 
a wave guide is used in conjunction with a re- 
ceiver which also matches the guide, but these 
two components are coupled to each other 
through the resonant cavity by similar but sepa- 
rate coupling holes. It is now shown that the 
change in received power which ensues on intro- 
duction of an absorbing gas attains a maximum 
value when the magnitude of the coupling is such 
that the initial Q of the cavity is halved. 

Figure 2 shows the equivalent circuit used in 
this analysis. Ro is the guide impedance, uRo is 
the impedance of the resonator referred to the 
guide employing an equivalent turns ratio 7. uRo 
thus consists of two impedances in parallel R,/r’ 
and R,/r? where R, is the shunt impedance of the 
resonator and R, the equivalent impedance 
arising from the gas. Hence, p=v/[1+(a,/a-) ] 
where v=R,/r’Ro. The power dissipation in the 


receiver is 
E,? u 2 
Ro 2u +1 
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For no resonator losses, the load dissipation 
attains a maximum value: 


Po= Ee? /4Ro. 
It follows that 


9 


v : 2 a 
Pi =4Po( : ) [ eae ea a | (12a) 
Qv+1 2v+1 a, 


The difference in received power on intro- 
ducing and then removing the gas is then 


aP=8Py|- <i | (12b) 
aL (2v+1)* 
AP attains its maximum value when 
v=1 or R,.=r'’Ro. 
Under this condition 
AP wax = (8P 0/27) (ag/ac). (12c) 


Since AP must equal or exceed 4k7NAf, the 
minimum gas absorption which may be detected 
is 


Amin = (27RT NAfS/2Po)ac, (13a) 


or if we wish to express this quantity in terms of 
resonator Q 


Omin = 27RT Na Af/P oO. (13b) 


A comparison between Eqs. (4) and (13a) 
shows that there is no significant difference be- 
tween the resonant cavity method for detecting 
a small absorption coefficient and the matched 
guide method, provided that we design the 
systems in both cases to realize the maximum 
change in received power. If we maximize AP of 
Eq. (12b) and AP of Eq. (2), these power changes 
are equal if 


Q./2 = (274/32e)s~s, (14) 


where Q, = 22/a-A and the matched guide is s half 
wave-lengths long. In short, a cavity whose Q 
has been halved by optimum coupling is as 
effective a gas cell for absorption measurements 
as a matched guide which is Q,/2 half-waves long. 


STARK MODULATION IN MATCHED GUIDE 


We now proceed to analyze the Stark modula- 
tion method used in a matched wave guide 
system. At a pressure low enough to isolate 
absorption lines from each other, the absorption 
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coefficient in the neighborhood of frequency 
wo/ 2m is 
, A*a, 
Cy) tn, 
(w—wo)*+A? 





(15a) 


a, is the power absorption coefficient when w = wo, 
and A/27m is the half-width of the line. In the 
second-order Stark effect wo is given by 


wo=wit BE’. 


This is the type of effect encountered in the 
ammonia inversion spectrum. To be specific, for 
the ammonia (3,3) line the shift in an equipment 
like that described in reference (4) is approxi- 
mately 15 Mc for a field of 1400 volts per cm, and 
the shift follows a square law. If we let 


EK = Ep, cost, 


where p/27 is the frequency of the applied Stark 
field, 
A*a, 
G(w,w.) = ——————_-._ (15) 
[(w—w1) —w, cos*pt |?+A? 
where 


WO; = BE-. 


lf we take as a measure of frequency the half- 
width of the line and let 


n=(w—w:)/A’ and m=a,/A, 
Eq. (15) becomes 
g(m,n) = a,/[(n—m cos*pt)?+1 ]. (16) 


After traversing a guide of effective length /, a 
field component at the receiver is 


H = Hye~?"? coswt. 


If the receiver is a power measuring device, 
such as a bolometer, or a crystal operating in a 
range for which it obeys a square law, power at 
the receiver is proportional to H?. So in the 
following discussion we use the term detector 
current as synonymous with power. 


2(11/H»)? = 1—gl+cos2wt—gl cos2wt, (17) 


when gl<1. 

The term gi is used to determine the frequency 
component in the detector output in the neigh- 
borhood of p, 2p, and so on, while unity ap- 
pearing in (17) gives the zero frequency current. 
The remaining terms give us components at 
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twice the applied microwave frequency. Where 
we deal with a second-order Stark effect and do 
not apply a steady biasing field to the gas there 
are no components of (/7/Ho)* at frequencies 
which are odd harmonics of p/2z but only at even 
harmonics of this frequency. The amplitude of the 
component at 2p is given by the integral 





Ql 
C.(m,n) =— 
Tv 
“ CcOsx 
xf — dx (18a) 
— [n—(m/2)(1+cosx) ]}?+1 
where 
x=2pt, 
but 


[n—(m/2)(1+cosx) P+1 
= (m/4)(cosx+ R)(cosx+5S), 
where 
R=1—(2n/m)—j(2/m), 
S=1—(2n/m)+ 7(2/m). 


The integrand in (17a) may be expanded in 
partial fractions to give 


4a,l * cosxdx 
C2(m,n) =—————_- if Rabanne, 
m?ax(R—S)LY-* cosx+S 


* cosxdx 
-f — (18b) 
—rcosx+R 


which, when evaluated, yields 


8a,/ | R S 





C.(m,n) = 


m*?(R—S) 





— ——|]. (18c) 
(R*—1)! (S?—1)! 


Substituting the appropriate values for R and S 
we have 





2a, 
C2(m,n) =— 
m 
[(m—2n)?+4 }} 
x ill 
[(n?—mn—1)?+(m—2n)? }! 
; > 
xsin( 0 ). (18d) 
2 
where 


6=arctan[2/(m—2n) | 
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Fic. 3. Second harmonic in Stark modulation method. 


= 





* 4 a -2 -4 - 


and 
¢@=arctan[ (m—2n)/(n?—mn—1) |. 


This function is most conveniently studied by 
making the substitution n= (m/2)+h, since it is 
symmetrical about frequency h. Then 


4a,/ (h?+1)! 
F.(m,h) = 
m m* 2 : 
\[*-( -1)] +m*| 
4 
: ? 
xsin(o- -), (19) 
? 
where 
6=arctan(—1/h) 
and 


—2h 
arctan — ere | 
h? —(m?/4)—1 


F,(m,h) represents the amplitude of the de- 
tector current at the frequency p/z on a scale on 
which the amplitude of the direct current from 
the detector is unity. It may be shown that 


F,(m,h) attains a maximum value as a function 
of h when 


h? = (m?/4) —1. (20) 
Under these conditions 
F2(m,h) = agl(2(m—2))4/m. (21) 


This function attains its maximum value, ex- 
cept for the physically meaningless value m=0, 
when m=4, and under these circumstances 

F.(m,h) max = Al /2. (22) 
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The value of F: in (22) is quite uncritical as 
regards m, since the drop from the maximum 
value is only 3.5 percent when m= 3.2 or 5.4. In 
short, to maximize the detector output the Stark 
shift in frequency should be four half-line widths. 

Neglecting for the moment the modulation 
components of frequency 2p/7, 3p/z7, and so on, 
we may write for the wave impinging on the 
detector the usual expression for a modulated 
wave 


H=H,(1+k cos2pt) coswt, 


where & is the modulation factor used in the con- 
ventional radio engineering sense and here is 
a,//4. It is particularly to be noted from Eq. (22) 
that the change in power output as measured at 
the receiver is a,/ when the optimum Stark field 
is used on a scale for which the steady received 
power is unity; moreover, this is precisely the 
power change for the general case given in 
Eq. (2). In short, the Stark modulation method is 
an effective one for making full use of the gas 
absorption. 

The problem of measuring the absorption 
coefficient of the gas now involves nothing more 
than the simultaneous measurement of average 
received power, and of cyclic changes in received 
power, or what, in radio engineering, is known as 
the modulation factor. 

The apparent shift in line frequency which re- 
sults when one uses the Stark modulation method 
requires examination. A maximum receiver signal 
at frequency p/m occurs at two microwave 
frequencies given by 


h? = (m?/4) —1. 


When m=4, these extremes occur when n=2 
+v3, but the position of the unperturbed line is 
given by n=Q. In short, there is an apparent 
shift in line frequency of 0.27 half-line width if we 
adjust the Stark field, or the pressure, for maxi- 
mum receiver output. 

The detector output at four times the fre- 
quency of the Stark field is of interest and may be 
calculated using a procedure similar to that used 
in calculating the amplitude of the second har- 
monic. We now require the integral 


cos2xdx 





(23) 


al * 
Cmny=— f owneiseeiceneemenantin 
x J—x(n—m cos’x)*+1 
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which, when evaluated, is 


R-S 


Sazl 1 f1—2S° 
C,(m,n) = | 


9 
m- 


After making the substitution h=n—(m/2) and 
some manipulation, (23) may be reduced to 














16a,/ 
F,(m,h) =— 
m* 
r F m? } m3 
C9) 
| 8 7 2 
x | 1-4-4 — —— —— —— 
r m? 7? : 
(-) 
L f 4 J 
; ? ‘ 
xsin(y-") , (25) 
2 
where : 


16h 
7 =arc tan —— -_| 
m* —8(h?—1) 


and ¢ was defined under Eq. (19). Fy represents 
the amplitude of the detector current at fre- 
quency 2p/z on the same scale as that used with 
F.(m,h). The maximum when m=4 in F, occurs 
at the point for which F2 crosses the axis and has 
the value zero. At this point Fy has the value 
0).345a/. In short, under the above conditions the 
amplitude of the fourth harmonic current is 69 
percent as large as that of the second harmonic 
but this peak is displaced from the position of the 
unperturbed line by m/2 half-widths. The infor- 





Fic. 4. Oscillogram of second harmonic. 
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Fic. 5. Fourth harmonic in Stark modulation method. 


mation obtained from the fourth harmonic ob- 
servations serves as a convenient check on that 
obtained from the second harmonic. Fs asym- 
ptotically approaches zero as h becomes large as 
does Fo. 

A plot of Eq. (19) when m=4 is given in Fig. 3 
while Fig. 4 is a photograph of the oscilloscope 
trace when the microwave frequency is swept 
through the ammonia (3,3) line at a 60-cycle 
rate. The two extremes are unequal in height in 
the photograph due to non-uniformity of the field 
in the gas chamber. Curve B gives the position of 
the unperturbed line while curve A is the plot of 
Eq. (19). A plot of Eq. (25), representing output 
at four times the frequency p/27, for m=4 is 
shown in Fig. 5, while Fig. 6 isa photograph of the 
corresponding oscilloscope trace. The type of 
trace obtained depends in marked fashion on the 
value of m, that is, on the Stark frequency swing, 
and the photographs were obtained when m was 
slightly larger than 4. 

The amplitude of harmonics of higher order 
may be calculated if they are of interest. Also, the 
alternating field may be superposed on a steady 
field, with the result that both even and odd 
harmonics of p/2z will be found. The special case 
when the amplitudes of the two fields are equal 
has been used‘ and in this event, the results in 
Eqs. (19) and (25) are applicable to the fre- 
quencies p/2x and p/m, respectively. 


STARK MODULATION IN RESONANT CAVITY 


In the present experiments the gas sample is 
enclosed in the annular space between two con- 
centric brass cylinders approximately 6 feet long, 
the outer with an inside diameter of 52 inches and 
the inner with an outside diameter of 5 inches. 
The inner cylinder is made gas tight by means of 
two hemispheres soldered to its ends and is sup- 
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Fic. 6. Oscillogram of fourth harmonic. 


ported and insulated by the use of six j-inch 
porcelain spacers, Thus a minimum amount of 
lossy material other than the gas is placed in the 
microwave field. A 100-kc Stark voltage is im- 
pressed on the inner electrode. With the cell 
geometry described, both the field and the field 
non-uniformity may be calculated readily when 
quantitative studies on the Stark effect itself are 
of interest rather than the detection of small 
lines. Input and output wave guides connected, 
respectively, to the microwave generator and the 
receiver are placed in opposite ends of the 
cylinder. Mica windows similar to those de- 
scribed by Malter* are used to make the system 
vacuum tight. Thus the cavity in use experi- 
mentally is a section of low loss wave guide but 
operating in a high order mode, and the results in 
Eq. (11) are applicable. 

If, as in the matched guide, we impress an 
alternating Stark field of optimum value on the 
gas in the cavity, the absorption coefficient varies 
cyclically at frequencies near p/x, 2p/m, etc. with 
amplitude of variation given by the Fourier 
coefficients in Eqs. (19) and (25). We are now in 
a position to calculate the modulation factor 
from Eq. (12) and from a knowledge of the 
modulation factor and Q of the cavity may infer 
the absorption coefficient. 

A high modulation factor in itself is not enough 
to insure sensitivity in detecting weak absorption 
lines, if in the process of obtaining it we reduce 
the average power measured at the receiver. This 
unfavorable condition, namely, high modulation 
factor but low receiver power, is reached in a 
guide by the use of a length in excess of the 
optimum, and in the cavity by the use of coupling 
holes so small that the loaded Q is materially 
greater then Q,/2 but the power through the 
cavity is low. There is no fundamental difference 
in the ability to detect small absorption coeffi- 
cients, if, on the one hand, we use a matched 
guide of optimum length determined from a, or, 


’L. Malter, RCA Review 7, 622 (1946). 
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on the other hand, we use a short cavity with 
optimum coupling holes and whose Q is deter- 
mined by the same a,. Our choice of method will 
be based on convenience or technical reasons. In 
either event, the method of determining an ab- 
sorption coefficient involves the measurement of 
a modulation factor. 

The gas sample in a cavity is exposed to a 
microwave field more intense than that impressed 
on the sample in the matched guide. If saturation 
effects such as have been reported for ammonia 
are found,’ the two methods will not yield 
concordant results. Moreover, the conclusion 
that the cavity and guide methods will, under 
optimum conditions, yield equivalent results is 
based on the assumption that they are constructed 
from guide material characterized by the same 
copper losses. When there is no need for an 
electrode for application of a Stark field, a more 
favorable cavity shape may be selected as in 
references 2 and 3 with a resulting increase in Q 
and marked improvement in the ability to detect 
feeble absorption lines. 

The gas chamber in the present experiments is 
made up of a guide section having somewhat 
lower losses than that used by Hughes and Wilson 
and for this reason is capable of somewhat 
greater sensitivity. 


CONCLUSIONS 


We now come to a consideration of the mini- 
mum detectable absorption coefficient as given 
by Eq. (4) or (13), 


4kTNAfe 
Qmin = Ae. (4) 


Po 


Let us consider a numerical example such that 
N=27 db, Af=3000 cycles, Po/e=10- watt, 
a,=10-* neper/cm. 

Under these conditions the minimum de- 
tectable absorption is 2.5X10-7 neper/cm. The 
copper losses quoted are those measured for the 
copper guide commonly used at 24,000 Mc with 
inside dimensions 0.420 inch by 0.170 inch, while 
a 3000-cycle band width may be used if a 60-cycle 
sweep is employed with cathode ray tube indica- 
tion. The calculated absorption of the (1,1) line 
of the inversion spectrum of N'® ammonia 
present in natural ammonia is 3.3X10~7 neper 
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per cm and detection of this line has been 
reported.‘ 

The form of Eqs. (4) and (13) show the direc- 
tions along which one may expect advances 
which permit the detection of smaller and smaller 
absorption lines. The effectiveness of crystal de- 
tectors arises-from their low noise factor, but 
their utility is limited rather severely by their 
inability to make use of high microwave power. 
Moreover, they have the disadvantage that they 
operate as power measuring devices over but a 
limited range, so considerable care is required if 
one wishes to infer the modulation factor from 
measurements on the steady and alternating 
components of crystal current. To eliminate this 
difficulty, comparison experiments using a micro- 
wave signal generator with controlled and known 
modulation are required. 

Increases in the power output of microwave 
generators will lead to advance only if such 
generators are themselves noise-free and if de- 
tectors with a favorable noise factor may be used 


with them. Some improvements may be possible 
by further reductions in guide losses, and the 
manner in which Q enters in Eq. (13) indicates 
the need for choice of low loss modes of operation. 

The most striking improvements immediately 
attainable will be realized by a reduction of re- 
ceiver band width, but such improvement is 
necessarily attended by an increase in the length 
of time it takes to explore a spectrum. The 
numerical example given was based on a 3000- 
cycle band width which is just adequate, if an 
absorption line is 1 Mc wide, to give us some 
knowledge of the absorption lines in a 50-Mc 
range sixty times per second. If we are content 
to sweep across a line, not in 1/3000 second, but 
in one-thirtieth second and use a recorder rather 
than an oscilloscope, the theoretical improve- 
ment in ability to detect small absorption lines is 
100. The frequency range of klystrons in the 
1.25-cm range is perhaps 5000 Mc, so the mini- 
mum time it would take to sweep over the range 
of such a tube is about three minutes. 





Measurements of Dielectric Constant and Dipole Moment of Gases 
by the Beat-Frequency Method* 
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The beat-frequency method for measuring the dielectric constant and dipole moment of 
gases is critically investigated. It appears that the wide discrepancies in the data of previous 
observers are due in part, at least, to the neglect of certain stray components in the circuits 
involved. An apparatus taking these factors into consideration is described, and a method 
for the ‘“‘absolute”’ standardization of the equipment is given. Results of dielectric constant 
and dipole moment measurements for several gases are presented and compared with pre- 


vious data. 





INTRODUCTION 


HE equipment described in this paper was 
developed primarily to make possible meas- 
urements of the dielectric constant («x’) and 
dipole moment (u) of gases. The design was, 
however, made flexible enough to permit its use 
wherever an apparatus is required for precisely 

measuring extremely small capacity variations. 
* This work was supported jointly by the Office of Naval 


Research and the Army Signal Corps, under ONR Con- 
tract NSori-78 T.O.1. 
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The principle of operation of this instrument 
is not new, utilizing the beat oscillator method 
used by Zahn,! Smyth,? Watson,? and many 
others. Fundamentally this method measures the 
change in beat frequency between two oscillators 
when a test gas is introduced into a “gas con- 


1C. T. Zahn, Phys. Rev. 24, 400 (1924). 

2 C. P. Smyth, Dielectric Constant and Molecular Structure 
(Chemical Catalog Company, New York, 1931). 

3H. E. Watson, G. Gundu Rao, and K. L. Ramaswamy, 
Proc. Roy. Soc. A132, 569 (1931); H. E. Watson, Proc. 
Roy. Soc. A143, 558 (1934). 
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denser” forming a part of one oscillator. Alter- 
natively, one may measure the capacitance 
change necessary to retune this oscillator to its 
original frequency. The dielectric constant is 
then calculated directly once the values of the 
fixed circuit parameters are known. By means of 
x’ measurements at different temperatures the 
dipole moment (%) may be calculated according 
to Debye’s treatment.‘ 

Simple as the problem appears, it becomes 
apparent after a survey of the literature on the 
subject that considerable disagreement exists in 
the values obtained by various observers for the 
dielectric constant of many gases. These values 
differ generally by more than the claimed experi- 
mental errors allow. Hector and Woernley® in a 
recent paper set forth the facts admirably, in- 
cluding tabulations and analyses of the results 
of numerous observers. 

It seemed, in view of this confused situation, 
that some supposedly minor design factors, re- 
sponsible for the erratic data, were being neg- 
lected. A critical investigation of each component 
in the experimental set-up was in order. In 
addition, a method for the absolute standardiza- 
tion of such an apparatus must be used if really 
valid data are to be obtained. Complete success 
in these objectives is not claimed, but it is hoped 
some progress has been made. 


GENERAL DESIGN 


In Fig. 1 is shown a schematic block diagram 
of the particular system used, which, it must be 
made clear, offers no unusual advantages over 
the many other possible circuits, in all of which 
extreme stability and accurate calibration of 
circuit parameters are equally vital. The use of 
a commercial crystal frequency standard, the 
General Radio No. 475-C frequency monitor, 
for the fixed oscillator simply makes the task 
easier, as does the No. 661 frequency deviation 
meter for the beat frequency indicator. Since 
the latter is actually a frequency discriminator 
working about a mean of 1000 c.p.s., the variable 
oscillator need not be tuned closer than 1000 
c.p.s. to the crystal standard to obtain a known 


*P. Debye, Polar Molecules (Dover Publications, New 
York, 1945), p. 36. 

5L. G. Hector and D. L. Woernley, Phys. Rev. 69, 101 
(1946). 
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beat frequency, thereby minimizing ‘‘pulling”’ 
effects between the oscillators. The variable 
oscillator output is taken from the untuned plate 
circuit allowing true “‘electron-coupled”’ opera- 
tion, and thus contributing still further to circuit 
isolation and stability. The oscillator circuit is 
shown in Fig. 2a. 

The temperature-controlled crystal standard is 
operated at 999 ke and the variable oscillator at 
1000 ke, under which conditions the frequency 
discriminator shows a ‘‘zero-beat”’ or null indi- 
cation. When the previously evacuated gas con- 
denser (Cg) is filled with the test gas, the 
precision condenser (C,) is varied until the 
frequency deviation meter once again gives a 
null reading. From the two readings of C,, 
before and after the introduction of the gas, and 
a knowledge of the other circuit parameters, the 
dielectric constant may be calculated. 


INDUCTANCE CORRECTION 


the consideration of these circuit 
parameters that most of the difficulty arises. 
The “simple” circuit of Fig. 2a would lead to a 


general result for x’—1 as follows: 


It is in 


«’Cag = Ce +ACy 
ACe 


«—-1= 
Ce 


where 


Cg is gas cond. vacuum capacitance, 
ACg is variation due to gas of const. x’, 
C,”’ is value of C, without gas in Cg, 

C,’ is value of C, with gas in Cg, 





Cin ti. 
Ci+C,” Ci+C,’ 
Ce ) 
or when readings are reduced to S.T.P. 
ct.” Cie 

Ci+C,” Cit+C,’ 760 T° 

of —1 = x —_ x. (1) 
Ce Pan 273.2 


The actual circuit is considerably different, 


6 H. E. Watson, Proc. Roy. Soc. A143, 558 (1934). 
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however, as Fig. 2b shows. Although most ob- 
servers have been very careful to consider stray 
capacitances, the effect of residual inductances 
on measurements has been unexplainably neg- 
lected, and may perhaps be the largest single factor 
leading to such a disparity of experimental results. 
In Fig. 2b, the stray capacitances have been 
lumped into one, and may be disregarded since 
they do not enter into the calibration. The stray 
capacity that does exist across C, and C, is 
important, but was taken care of by calibrating 
these condensers in their actual operating posi- 
tions. The stray inductances, however, are not 
as easily disposed of, nor are they negligible in 
spite of the relatively low frequency used: in 
the present case, corrections for them amount to 
as much as 3 percent of «’—1. If left uncorrected, 
this would introduce an error considerably larger 
than the next largest known probable error. 

The effective capacity (Cer) of a condenser is 
calculated from its direct current capacitance by 
the formula 


Cane. 
Co ———_——. (2) 
1 oe Lw? Cane. 


The effective capacitance of the General Radio 
No. 722 precision condenser, to give an example, 
was calculated (for 1-megacycle freq.) from the 
given inductance value, and plotted as a function 
of the static capacity: at 1000 uyf the correction 
was 2.6 wuf, decreasing to negligible values at the 
low capacity end. 

Watson,® it may be noted, mentions a per- 
plexing effect (p. 559), namely, that he obtained 
higher AC readings for the same test gas at the 
high capacity end of a condenser than at the low 
end, but dismisses it without explanation. It 
seems likely that Eq. (2) would well have 
accounted for it and perhaps for many another 
“anomalous” effect. Watson did work out a 
minor correction for the inductance of a few 
connecting leads® (p. 565), and fixed condensers*® 
(p. 574), but did not seem to feel the need for 
complete inductance correction of either the 
variable condensers or the gas condensers used. 

The inductance of the gas condenser was calcu- 
lated from measurements of its capacity at d.c. 
and at 1 megacycle against the precision con- 
denser (taking into account the latter’s residual 
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inductance). But it is not sufficient to measure 
the Ceers at 1 mc and use that value in Eq. (1): 
as may be shown, this gives only partial correc- 
tion. Complete correction is easily made as 
follows: since ACg is generally very much smaller 
that Cg, it is permissible to differentiate Eq. (2), 
whence 
d(C& est) 1 


dCq  (1—Lew*Ca)* 


or, using differentials, 


ACg 
~ A(Ce ett) = ’ 
(1—Lew*Ce)? 








which immediately gives the required correction 
factor. Actually, the inductance corrections for 
Cz and for C, tend to neutralize each other, but 
in this particular case the net correction still 
amounted to approximately 2 percent. 

The residual inductance of C;, the series con- 
denser, proved negligible. All capacitances were 
measured against the General Radio precision 
condenser, which itself was made as internally 
consistent as possible throughout the complete 
range. Its minimum capacitance was also checked 
against itself by substitution methods, so that 
ultimately all condensers in the system are 
calibrated in mutually consistent units; it is 
irrevelant whether this unit is exactly a micro- 
microfarad or not, since x’—1 depends on the 
ratio of two capacitances. 

An analysis of the inductive effects of the 
concentric line connecting Cg to the oscillator 
circuits showed them to be negligible for the 
length (18’’) of line used. All other wiring in 
the oscillatory circuit was made as short as 
possible, since rigorous calculation of its inductive 
effects would be practically impossible. 


STANDARDIZATION 


It was due to the presence of such small but 
ever present factors of uncertainty that an in- 
dependent standard for comparison and absolute 
calibration was felt vitally necessary. 

After consideration of various possibilities, the 
use of the rare gases for this purpose was looked 
into. For them x’ is very nearly equal to the 
square of the optical refractive index, nm? (Max- 
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well’s relation), the dispersion being very small 
between visible light and radiofrequencies, and 
calculable with negligible error. 

Justification for using these gases is found in 
the extreme precision with which their refrac- 
tive index can be measured by interferometric 
methods. Some of the most recent, and perhaps 
most valid of such measurements were made by 
C. and M. Cuthbertson? in 1932, with results as 
shown in Table I. The sixth and seventh columns 
give n? with the correction for dispersion at 1 mc; 
these are the values that should be obtained by 
direct x’ measurements. The optical values are, 
however, much more precise than the electrical 
measurements can be, and must be rounded off 
to at least one less figure than given when used 
for purposes of comparison. It is interesting to 
note that practically no differences exist in the 
values of the optical indices given by various 
observers when rounded off to the required 
accuracy ; thus, the use of rare gases as a standard 
leaves little to be desired. 


TABLE I. Refractive index, dispersion, and extrapolated 
static dielectric constant of the rare gases. 














Early date (1910) Latest data (1932) Fromcarly From latest 
Element fo®X10-" CX10-™ =fe?X10-7 CX10-®— =I ¢-1 
Helium  34,991.7 2.4276 3,313.7 2.65228  0,00006930 _0.00006923 
Neon 38.9162 5.18652 39160.0 5.22606 0.00013327 0.00013345 
Argon 1708.9 9.43264 vo — 0.0005546 = 
Krypton 12,7679 10.6893 po — — 0,0008372 an 
Xenon 8977.9 12.2418 — -- 0.0013635 ~~ 











=C/fe—f*.) 


7C. and M. Cuthbertson, Proc. Roy. Soc. A135, 40 
(1932). 
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Watson et al.*® seem to have been the first to 
make extensive comparisons between their elec- 
trical data on the rare gases and optical measure- 
ments. The excellent and consistent agreement 
of their values with the optical data, a fact quite 
singular among the many observers, lends added 
weight to the reliability of their measurements 
on other gases where such comparison is not 
possible. 


SYSTEM SENSITIVITY AND ACCURACY 


The over-all sensitivity, or smallest measurable 
external capacity change, is determined by the 
oscillator instability as the ultimate limit and 
by two additional factors: the accuracy with 
which the beat frequency can be reset and the 
minimum readable increment of capacity in the 
series combination of C; and C,. The “frequency 
deviation meter’’ used permits beat-note determi- 
nation to one cycle directly. The fixed series 
condenser C,; was chosen so that a movement of 
the precision condenser C, by one of its smallest 
subdivisions (0.2 wuf) near its high capacity end 
changes the beat note approximately one cycle; 
thus both factors reach their normal limit simul- 
taneously. In terms of external capacity change, 
this direct reading limit represents 0.001 pyf; 
a more sensitive external meter and interpolation 
of the precision condenser dial allows an increase 
in sensitivity to about 0.0002 yuyuf before oscillator 
instability makes further increase impracticable. 
In terms of dielectric constant, the smallest 
detectable (x’—1) is thus 0.4X10-*, (AC/Ce¢ 
~(0.0002/500). This, it must be emphasized, is 
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not the “probable error’’ of a measurement, but 
rather the sensitivity limit. 

The probable error is a function of this con- 
stant “reading” error plus the sum of numerous 
other percentage errors, including the gas con- 
denser calibration accuracy of 0.1 percent, the 
temperature and pressure reading accuracy, each 
also about 0.1 percent, and the C,, C, series 
combination calibration, which careful analysis 
showed introduces a minimum uncertainty of 
0.5 percent. The probable error of the final 
result is thus seen to be 100 percent for (x’—1) 
= 0.000,000,4, decreasing asymptotically to about 
0.5 percent for the larger values of (x’—1). 
Figure 3 shows this error as a function of AC,. 

When measuring small (x’ — 1) values, by taking 
the mean of numerous observations the random 
“reading” error is greatly reduced, but the error 
resulting from the indeterminacy of the various 
parameters remains, except as noted later, under 
“Results.” 

When measuring dipole moments very little 
error (AT) in the measurement of T is allowable. 
Whereas in the case of «’ readings the fractional 
error was only AT/T° Kelvin, it may be shown 
that in this instance it becomes 2AT/(7T2—T)), 
where 7, and 7, are the extremes over which 
measurements are made. 


METHOD FOR SIMPLIFIED CALCULATION OF 
DIELECTRIC CONSTANTS 


With the inclusion of the inductance correction 
the expression for AC in Eq. (1) becomes 

















c." Cc 
a ) “r L,w?C,’) 
(i= “Cc,” ~ Cy) 
AC= — - a oe, ON 
Co¥ : 


(—LyCy") A —LywtCy) 

The difficulties involved in making rapid calcu- 
lations using this equation are obvious; but even 
with the use of seven-place log tables or auto- 
matic calculators, sufficient accuracy will not be 
obtainable. This is so because the difference 
between the two terms of Eq. (3) becomes 
evident only in the fourth or fifth significant 
figure for small C,’’—C,’ readings. 

The method evolved to overcome this diffi- 
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condenser, Cp=G. R. No. 722, 1000-uuf precision con- 
denser, C,;=75-yuf zero temp. coeff. ceramic condenser, 
C:=shunt trimmer condenser: b. The same circuit, showing 
stray components. 


culty consisted in differentiating the expression 
for the series combination, 








Cy 
Ci:— —— 
(1—L,w?C,) 
- - ’ 
O+———— 
(1—L,w?C,) 


with respect to C,, obtaining, 
AC C? 
AC, [Ci(1—Lw*C,)+C,]}? 
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% PROBABLE ERROR 
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i i 4 i i i i i . | 


© 0 20 30 40 50 60 70 80 90 100 
ACp mpyfd 
Fic. 3. Probable error vs. AC, for a single observation, 


(based on 0.1-yuf random reading error, plus comprehensive 
system error of approximately 0.5 percent). 
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This equation was then used to calculate values 
of AC/AC, for every 10-uyf point in the upper 
500-uuf range of the precision condenser C),. 
These values ranged from approximately 0.004250 
to 0.01330 uuf per uuf of C,, and are represented 
with sufficient accuracy by only four significant 
figures. They were then plotted on a series of 
graphs with AC/AC, as ordinates and C, as 
abscissas. 

In addition, C is calculated very exactly from 
Eq. (3) for every integral 50-uuf value of C,, 
and tabulated. 

Reduction of the two readings, C,”’ and C,’, 
to dielectric constant is now very much simplified. 
lf C,”—C,’=AC is smaller than 50 wuyf, the 
mean value of AC/AC, is read from the graph 
(its slope changes very gradually), multiplied 
by AC,, and the resultant AC substituted in 
Eq. (1) to give (x’—1) at S.T.P. conditions. 
When C,”—C,’ is larger than 50 yuyf, the AC 
between 50-yuf intervals is read from the table 
mentioned above, while the residual is calculated 
as was done in the case of small C,’’—C,’ differ- 
ences, obtaining the total AC by addition. 

This method has been in use constantly since 
its inception, and can reduce data in a few 
minutes that would, by “stfaightforward” calcu- 
lations, have taken hours. 


RESULTS 


dielectric constant measurements 
with this equipment have been made on helium, 
argon, neon, and oxygen. Dipole moment meas- 
urements include those of ethyl chloride (C2H;Cl) 


To date, 


TABLE II. Dielectric constant measurements. 


Mean 











. . (x’—1) Mean (x‘—1) X10" 
No. of ( —1) X10 x10? Hector 
obser- at from and 
vations 8.T.P. o Table 1 Watson Woernley* Remarks 
Helium . 692 2 692.3 690> 684 Charcoal freshly 
activa 
Helium 5 695 6 692.3 Charcoal left stand- 
ing for several 
wee 
Helium 8 691 2 692.3 Charcoal freshly 
activated 
Neon 6 1337 il 1334.5 1340¢ 1274 Large o due to one 
unaccountably 
low reading 
Neon 5 1341 3 1334.5 - Same data, omitting 
above-mentioned 
reading 
Argon s 5542 i) 5545.7 5504¢ 5451 _— 
Oxygen 6 5325 13 _ 5300> 5233 _— 
* See reference 5. 
» See reference 6. 


© See reference 3. 
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TaBLe III. Dipole moment measurements. 





No. of 
observations 
Gas T2-T1 at T: at 71 wu X10" + probable error 
C.H;Cl 359°-292°K 5 11 (1.98+0.03) e.s.u. 
COS 333°-265°K 3 5 (0.720+0.005) e.s.u. 


and carbon oxysulfide (COS), the first merely as 
a check against a much measured moment, and 
the latter as a verification of the moment ob- 
tained recently by an entirely independent 
method*® that utilizes the Stark effect on the 
microwave spectrum of the ‘gas. 

Argon, neon, and oxygen were taken from the 
‘spectroscopically pure”’ liter flasks now supplied 
by several concerns.” Although helium is also 
put out in this form, it could not be used because 
the flask pressure is under one atmosphere; 
whereas this pressure is sufficient in the case of 
the other gases, for helium two atmospheres was 
the lowest pressure that would cause sufficient 
capacity change in Cg (because of its unusually 
low x’) to be accurately measurable. This pressure 
caused a change in C, of ~12 uwuf, which, from 
Fig. 3, is seen to represent approximately 1.5 
percent error for a single observation; lower 
pressures would rapidly increase this value. 

The helium was purified from ordinary ‘‘tank”’ 
helium by passing it through a charcoal filter 
immersed in a bath of liquid nitrogen. Con- 
siderable trouble was experienced in obtaining 
reproducible data until the charcoal trap had 
been baked out at about 500°C for a few hours, 
with a vacuum pump working continuously on it. 
Care was also exercised to avoid any exposure 
to air between the time of baking-out and making 
the helium measurements. 


‘ 


In Table II are given the condensed final 
results of these dielectric constant measure- 
ments and those of two other observers. In- 
cluded are critical comparisons with optical 
data, except for oxygen. It will be noted that the 
difference between the mean value of «’—1 and 
the extrapolated optical data is well within the 
accuracy of the present measurements as ex- 


8’ T. W. Dakin, W. E. Good, and D. K. Coles, Phys. Rev. 
70, 560 (1946). 

9M. W. P. Strandberg, et al., to be published shortly. 

10 Linde Air Products Company, Tonawanda, New York, 
Air Reduction Sales Company, Stamford, Connecticut. 
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pressed by the standard deviation ¢. The calibra- 
tion of the condenser system may thus be 
deemed entirely satisfactory, and, in a sense 
“absolute,” justifying the care taken in con- 
sidering all the factors involved. The error curve 
(Fig. 3) now seems to have been definitely on 
the pessimistic side, and may, in the light of 
these measurements, be superseded by the stand- 
ard deviation of any series of measurements. Any 
immediate, further increase in accuracy has to 
come from increased stability, and more refined 
gas-handling technique resulting in reduced o 
values. 

In the case of oxygen, comparison can be only 
with other observers’ electrical data, since the 
optical measurements fall in a region of large 
dispersion. Once again particular reference must 
be made to Watson,**® the only observer whose 
data closely and consistently parallel ours. His 
values for the rare gases are, in general, only 
slightly lower, and this correspondence holds 
also for oxygen. The results of Hector and 


Woernley (the most recent data, till now) show 
wide, unsystematic fluctuations. 

Dipole measurements are recorded in Table III. 
A third temperature midway between 7; and T, 
was used as a check point. The moment for 
ethyl! chloride falls in among the many recorded 
values. The carbon oxysulfide value is consider- 
ably higher than the only other measurement 
(0.65 X10-'® e.s.u.) made by this method ;!" it 
agrees quite exactly, however, with the moment 
obtained from the microwave Stark effect meas- 
urements (0.72 X10-'§ e.s.u.) by Dakin, Good, 
and Coles,* and somewhat less exactly with that 
of Strandberg, et al. (0.739 X10-'® e.s.u.) by the 
same microwave method. 

Grateful acknowledgment is hereby made to 
Mr. T. Wentink of the M.I.T. Research 
Laboratory of Electronics for his kindness in 
preparing the carbon oxysulfide used in these 
measurements. 


“1C. T. Zahn and J. B. Miles, Jr., Phys. Rev. 32, 497 
(1938). 
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New Appointments 


Donald B. Harris has joined the Collins Radio Company 
of Cedar Rapids, lowa, as Executive Assistant to the 
Director of Research. 

M. N. Davis, Superintendent of the Physics Research 
Laboratory for the Kimberly-Clark Corporation since 1937, 
has been named Associate Technical Director. He will also 
continue as head of physics research. Dr. Davis was the 
first full-time physicist employed in the paper industry. 

Effective the first of January, H. N. Swenson, E. M. 
Thorndike, and J. E. Woods became Associate Professors in 
the Department of Physics of Queens College, Flushing, 
New York. 


Necrology 


Alva W. Smith, Professor of Physics at The Ohio State 
University, died suddenly on January 21, 1948. He had 
been a member of its faculty for 33 years and was recog- 
nized as a teacher of unusual ability, grasping sympa- 
thetically both the intellectual and human interests, 
abilities, and needs of his students. 

Frederic L. Bishop, Professor of Physics at the University 
of Pittsburgh and Dean of Engineering at that institution 
from 1909 to 1923, died October 11, 1947. He was nationally 
prominent as a physicist and was active in many govern- 
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mental commissions during both world wars and the 
intervening period. 


Congress of Applied Mechanics 


The Seventh International Congress of Applied Me- 
chanics will be held at the Imperial College of Science and 
Technology, South Kensington, London, England, Sep- 
tember 5-11, 1948. The technical sessions will be organized 
under the following sections: elasticity and plasticity; 
aerodynamics, hydrodynamics, meteorology; thermody- 
namics, heat transfer, etc.; and vibrations, lubrication, and 
experimental methods. In addition, there will be several 
general lectures or surveys. 

Arrangements have been made for visits to the National 
Physical Laboratory, the Royal Aircraft Establishment, 
the National Gas Turbine Establishment, and the General 
Electric Research Laboratories, during the week following 
the Congress. 

Forms of application for membership and other material 
concerning the Congress can be obtained from the 
Organizing Secretary, Seventh International Congress of 
Applied Mechanics, Imperial College of Science and 
Technology, London, S. W. 7. 


Joint Radio Meeting 


The annual joint meeting of the American Section, Inter- 
national Scientific Radio Union, and the Institute of Radio 
Engineers will be held in Washington, May 3, 4, and 5, 
1948. As usual, the program will be devoted to the more 
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fundamental and scientific aspects of radio and electronics. 
The program of titles and abstracts will be available in 
booklet form for distribution before the meeting. Anyone 
wishing to submit papers for presentation at this meeting 
should send title and a 100-word abstract as soon as 
possible to Dr. Newbern Smith, Secretary, American 
Section, URSI, National Bureau of Standards, Washington 
25, D. C. 


International Rubber Technology Conference 


The Institution of the Rubber Industry, London, Eng- 
land, is planning another International Rubber Technology 
Conference, the first to be held since 1938. It will occur 
June 23-25, 1948, at the Central Hall, Westminster, 
London, S. W. 1. The Conference will cover the following 
subjects: natural and synthetic rubber latices, chemistry of 
rubber, physics of rubber, testing and analysis, synthetic 
rubbers, compounding ingredients, fibers, and textiles, de- 
velopments in factory processes and products since 1938. 
Papers to be contributed should be addressed to the Institu- 
tion of the Rubber Industry, 12, Whitehall, London, S. W. 
1, England. 

After the Conference, all the papers and full details of the 
Conference will be published in a volume entitled The 
Proceedings of the Rubber Technology Conference, London, 
1948, a copy of which will be issued free to all those 
enrolling for the Conference. Extra copies will be available 
for sale generally at £2/2/0 each. The fee for enrollment is 
£2/2/0, and application forms and details can be obtained 
from the Conference Secretary at the Whitehall address 
above. The Secretary will arrange hotel accommodation to 
suit individual tastes and assist generally. 


Foundry Congress 


The 1948 Foundry Congress and Show of American 
Foundrymen’s Association will be held in Philadelphia, 
May 3-7. 


Lectures on Statistical Methods 


The Massachusetts Institute of Technology has an- 
nounced two series of lectures on statistical methods by 
L. H. C. Tippett, Chief Statistician, British Cotton In- 
dustry Research Association, and an address on the future 
of statistics in industrial research and quality control by 
Walter A. Shewhart of the Bell Telephone Laboratories. 
The lectures by Mr. Tippett will deal with statistical 
methods for industrial quality control and for technical 
investigation and experimentation, and will occur on 
May 5 through May 7, and May 12 through May 14 
from 3-5 p.m. Mr. Shewhart’s lecture will take place on 
May 14 at a dinner meeting. For further information 
write to Mr. H. A. Freeman, Massachusetts Institute of 
Technology, Boston 39, Massachusetts. 


Symposium on Spectroscopic Equipment 


The Society for Applied Spectroscopy, in cooperation 
with the Polytechnic Institute of Brooklyn, announces a 
Symposium on Spectroscopic Equipment, to be held at the 
Polytechnic Institute of Brooklyn on Saturday, May 22, 


426 





1948, under the chairmanship of Dr. W. L. Parker. There 
will be a morning and an afternoon session. The meeting 
will start at 9:30 a.m. The latest development on instru- 
ments in the field of absorption and emission spectroscopy 
will be exhibited by the leading manufacturers. 





New Booklets 


James G. Biddle Company, 1316 Arch Street, Phila- 
delphia 7, Pennsylvania, offers its Bulletin 21-45, describing 
and illustrating the ‘“‘Meg”’ type of insulation tester. 12 
pages, free on request. 








Allied Radio Corporation, 833 West Jackson Boulevard, 
Chicago 7, Illinois, announces the publication of its new 
1948 172-page catalog, covering “‘everything in radio and 
electronics."’ Free on request. 


The Rubber Chemicals Division of E. I. du Pont de 
Nemours and Company, Wilmington, Delaware, publishes 
a quarterly, The Neoprene Notebook—Facts about Neoprene 


for the Engineer. 8 pages. 


Murex Limited, Rainham, Essex, England, has an- 
nounced the publication of a leaflet entitled Metal Powders 
for Welding Electrode Manufacture. \t is available in English, 
French, and Spanish. 4 pages, free on request. 


The Atomic Energy Commission has published a series of 
lectures in the field of nuclear physics prepared by a group 
of outstanding experts who assisted in the development of 
the atomic bomb. These lectures were originally given at 
Los Alamos late in 1943 to aid in training personnel there in 
the fundamentals of nuclear science. The presentation con- 
sists of 41 chapters divided into six sections and is entitled 
Lecture Series in Nuclear Physics. It is available for 55 
cents from the Superintendent of Documents, Washington 
“a oC. 


Illinois Testing Laboratories, Inc., 420 North La Salle 
Street, Chicago 10, Illinois, has issued a leaflet entitled 
Alnor Instruments, its bulletin No. 2982. The company 
produces temperature and air velocity measuring and con- 
trolling instruments. 4 pages, free on request. 


Sales Service- Division, Eastman Kodak Company, 
Rochester 4, New York, has published another insertion 
for the Kodak Photographic Notebook. It is entitled ‘‘Koda- 
chrome and Ektachrome exposure in photomicrography” 
and has 32 pages. Free on request. 


General Radio Company, Boston 39, Massachusetts, has 
issued an 8-page pamphlet entitled New Variac Continu- 
ously Adjustable Transformers. Free on request. 


American Instrument Company, Inc., of Silver Spring, 
Maryland, has published a 28-page bulletin on its line of 
electric hygrometer equipment for industrial and laboratory 
applications. The bulletin is numbered 2164-114 and is free 
on request. 
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